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Abstract: We perform an analysis of power suppressed contributions for large angle
pion pairs production in gamma gamma collisions. Using the soft collinear effective the-
ory (SCET) framework we derive a factorization formula which is described as a sum of
hard and soft contributions. The soft contribution is an important part for the consistent
description of power corrections which can be described by matrix elements of SCET-I op-
erators within the SCET framework. For hard power suppressed amplitude we consider an
approximation by twist-3 chiral enhanced contributions. We define a physical subtraction
scheme in order to cancel endpoint singularities in collinear convolution integrals. In this
case the subleading correction is described by well defined expression with the known angu-
lar behavior. The latter is determined by hard scattering subprocess and can be computed
at the leading logarithmic approximation.
The obtained results are applied to a phenomenological analysis of existing data. Using
the leading and subleading power contributions and fitting two unknown nonperturbative
amplitudes as a free parameters we can consistently describe the existing data for pi+pi−
and pi0pi0 production. We suggest to measure one more hadronic cross section which can
be accessed in the unpolarized e+e− scattering. These data will help to reduce theoretical
ambiguities in the phenomenological analysis and to understand the production mechanism
of the considered reaction.
1 On leave of absence from St. Petersburg Nuclear Physics Institute, 188350, Gatchina, Russia
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1 Introduction
A factorization theorem for large angle production of mesons have been suggested long
time ago in Ref.[1]. The amplitude of such process is given by a convolution integral of
a hard kernel with light-cone distribution amplitudes (DAs). The hard kernel describes
hard subprocess γγ → q¯q + q¯q and can be computed systematically in the perturbation
theory. The DA describes the nonperturbative overlap of the two quarks with outgoing
meson state and can not be computed from the first principles.
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An interesting case is given by particular process γγ → pipi. The large scattering angles
correspond to a region where Mandelstam variables are large s ∼ −t ∼ −u Λ2QCD. The
asymptotic behavior of the cross section was obtained in Ref.[1] in the framework of the
factorization approach
dσγγ→pipi
d cos θ
∼ f
4
pi
s3
1
sin4 θ
. (1.1)
Here θ is the scattering angle in center-of-mass frame, fpi = 131MeV is the pion decay
constant. A comprehensive phenomenological analysis of this reaction was later carried
out in Ref.[2].
The cross section of pion production was already measured at sufficiently large energy
in several experiments [3, 4]. The most precise measurements in the region up to
√
s =
4GeV were performed by BELLE collaboration [5, 6], see also review [7]. Comparison of
these accurate data with the theoretical calculations shows a significant underestimate of
the absolute values of the cross sections [8]. The largest discrepancy between the theory
and experiment is observed for the neutral pion production.
There are various attempts to find an explanation of this problem. Within the QCD
factorization framework it is suggested to use a broad model for the pion distribution
amplitude. In this case the virtualities of the hard particles are assumed to be much
smaller then the large external kinematical variables and therefore one can use a relatively
large value of the QCD coupling αs ' 0.4 [2, 9, 10]. Such approach allows to reach a certain
qualitative agreement with the pi+pi− data but cannot explain the discrepancy in the pi0pi0
channel. In Ref.[10] it is proposed that the large contribution in this channel can arise at
higher orders in αs due to the specific three gluon exchange diagrams.
Other possible scenario which explains the mismatch between the leading-order pQCD
predictions and the data implies a different idea about the underlying QCD dynamics.
It is assumed that the leading-order contribution becomes dominant only at very large
energies which are considerably larger then the energies of existing experiments. Such
scenario suggest a different shape of the pion DA which yields small values of the cross
sections. The model for pion DA is obtained from the process γ∗γ → pi0 or using the pion
electromagnetic form factor computed in the QCD sum rule technique [11, 13–16]. The
discrepancy in this case must be explained by a large numerical effect of power suppressed
corrections. A bulk of this effect is associated with the so-called soft-overlap mechanism.
Such configuration describes a soft-overlap of hadronic states and appear only as a power
correction to the leading asymptotic contribution in Eq.(1.1). Nevertheless it was found
that numerically this contribution is large and even dominant at some moderate values of
the hard scale Q. The soft-overlap contribution is especially important if the leading-order
approximation is of order αs and therefore can be suppressed numerically.
This idea was implemented for description of large angle meson production in γγ →
MM process within the handbag model in Refs.[17, 18]. In this model the soft-overlap
contribution is described by the two-pion matrix element which is associated with the
two-pion distribution amplitude. The important feature is that this function depends only
from the total energy s. This allows one to compute the angular behavior of the amplitude
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because it is completely defined by the hard subprocess. In Ref.[17] it was shown that
handbag model gives 1/ sin4 θ behavior for the pion cross sections similar to the leading
power term in Eq.(1.1). The unknown normalization of the two-pion distribution amplitude
was fitted from the data. This automatically ensures a large value of the pi0pi0 cross section
and gives the ratio R = dσpi
0pi0/dσpi
+pi− = 1/2.
Despite interesting results the handbag model has many problematic points which have
to be better understood. Some critical remarks are considered in Refs. [9, 10]. The most
difficult challenge is to develop a consistent formulation of the soft-overlap configuration
in order to describe it on a systematic way. This is important in order to avoid a double
counting with the power corrections arising from the hard power suppressed configurations.
Then such framework allows one to reduce a model dependence of theoretical description
to a minimum. Motivated by this task we try to develop such approach in present paper.
Our main task is to develop the QCD factorization approach beyond the leading power
approximation. Such development can not be done only by computation of subleading hard
contributions. It is well known that such corrections are often ill defined because collinear
convolution integrals have the so-called endpoint divergencies. These singularities appear
due to the overlap of collinear and soft regions. The complete description in this case
can be only carried out including a contribution with soft particles. A description of such
configurations can be performed in the framework of effective field theory which takes
into account soft and collinear modes. Such effective theory was constructed recently and
known as soft collinear effective theory (SCET) [19–24].
In the SCET framework the factorization is carried out in two steps. At first step one
factorizes the hard modes ( particles with momenta pµ ∼ Q). After integration of hard
modes the full QCD is reduced to the effective theory SCET-I. This field theory includes
the hard-collinear, collinear and soft degrees of freedom. The hard-collinear modes describe
particles with the virtualities p2hc ∼ QΛ, where the Λ is a soft scale of order ΛQCD. A further
factorization is possible if the hard scale Q is sufficiently large so that the hard-collinear
scale µ2hc ∼ QΛ is a good expansion parameter in pQCD. Integrating out hard-collinear
particles one obtains the effective theory with soft and collinear particles which is called
SCET-II. Such a scheme provide a systematic definition of the soft-overlap configurations
and allows one to study the endpoint region in a consistent way.
The region of moderate values of Q2 can be defined as a region where the hard-collinear
scale is still relatively small µ2hc ≤ 1 − 1.5GeV2 and further expansion do not provide
a good approximation. The kinematical region of existing experiments corresponds to
Q ≤ 3 − 4GeV. One can easily see that in this region the hard-collinear scale is not
large enough µ2hc ≤ 1.2 − 1.6GeV2 where we take Λ ' 400MeV. Therefore in this case
one can perform only the factorization of the hard modes. In this case the soft-overlap
contributions can be defined as a matrix elements of SCET-I operators. Such contributions
must be included into factorization scheme together with the hard configurations described
by pure collinear operators. We expect that this method will help us to obtain a complete
and consistent theoretical description of power suppressed corrections.
Our paper is organized as follows. In section 2 we specify notation and kinematics
and briefly review the leading twist results. In section 3 we study a scalar integral using
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expansion by momentum regions. The toy integral has contributions associated with the
collinear and soft regions. We demonstrate that the overlap of the soft and collinear regions
introduce the endpoint divergencies. We show that these singularities cancel in the sum of
collinear and soft contributions leaving a large logarithm. We also discuss the factorization
scheme of this integral in the effective theory framework.
In section 4 we perform an analysis of relevant subleading operators within the SCET
framework. First we consider the hard contribution and required collinear operators. We
compute the subleading hard contribution given by the chiral enhanced twist-3 pion dis-
tribution amplitude. We will show that factorization also include SCET-I operators which
describe the relevant soft contributions. Using SCET approach we obtain that there is
only one such operator. Using these results we derive a factorization formula which de-
scribe the power correction at order 1/Q2. In section 5 we compute the hard kernels for
the soft contribution. Then we explain how to define a physical subtraction scheme in
order to avoid the end-point singularities in the collinear convolution integrals. Section 6
is devoted to a phenomenological analysis. We compare the obtained results with data and
discuss different scenarios associated with the different models of the pion DA. A summary
and discussion of obtained results is given in section 7. In Appendix we provide a useful
information about higher twist distribution amplitudes and SCET Lagrangian.
2 General information about the process γγ → pipi
2.1 Kinematics, amplitudes and cross sections
In order to describe the process γ(q1)γ(q2) → pi(p)pi(p′) we choose center-of-mass system
(c.m.s.) p + p¯′ = 0 with pion momenta directed along z-axis. Mandelstam variables are
defined as
s = (q1 + q2)
2 ≡W 2, t = (p− q1)2, u = (p− q2)2, (2.1)
In c.m.s. the particle momenta read
p =
W
2
(1, 0, 0, β), p′ =
W
2
(1, 0, 0,−β), (2.2)
q1 =
W
2
(1, sin θ, 0, cos θ), q2 =
W
2
(1,− sin θ, 0,− cos θ), (2.3)
where θ is the scattering angle and β is the pion velocity
β =
√
1− 4m
2
pi
s
. (2.4)
We will also use the auxiliary light-cone vectors
n = (1, 0, 0,−1), n¯ = (1, 0, 0, 1), (n · n¯) = 2. (2.5)
In this paper we consider the kinematical region where s ∼ −t ∼ −u  m2pi therefore we
neglect pion mass. Then the light-cone decomposition of the momenta read
p 'W n¯
2
, p′ 'W n
2
, (2.6)
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q1 =
(1− cos θ)
2
W
n
2
+
(1 + cos θ)
2
W
n¯
2
+ q⊥, (2.7)
q2 =
(1 + cos θ)
2
W
n
2
+
(1− cos θ)
2
W
n¯
2
− q⊥, (2.8)
with
q2⊥ =
s
4
(1− cos2 θ). (2.9)
The process γγ → pipi is described by the matrix element
〈pi(p), pi(p′) out| γ(q1)γ(q2) in〉 = i(2pi)4δ(p1 + p2 − q1 − q2) Mγγ→pipi, (2.10)
where the amplitude
Mγγ→pipi = e2 εµ(q1)εν(q2) Mµνγγ→pipi , (2.11)
with the following hadronic tensor
Mµνγγ→pipi = i
∫
d4x e−i(q1x)
〈
pi(p), pi(p′) | T{ Jµem(x), Jνem(0)}| 0
〉
. (2.12)
Here Jµem denotes the electromagnetic current and e2 = 4piα ' 4pi/137. It is convenient
to pass to the pion isotopic coordinates (pi±, pi0) → (pi1, pi2, pi3) and consider the matrix
element describing the process γγ → piapib
Tµνab = i
∫
d4x e−i(q1x)
〈
pia(p), pib(p′) | T{ Jµem(x), Jνem(0)}| 0
〉
, (2.13)
This amplitude can be parametrized as, see e.g. Ref.[25]
Tµνab = M
µν
++
{
δabT
(0)
++(s, t) + δ
a3δb3T
(3)
++(s, t)
}
+Mµν+−
{
δabT
(0)
+−(s, t) + δ
a3δb3T
(3)
+−(s, t)
}
+ ... , (2.14)
where dots denote the additional structures which vanish when contracted with the photon
polarization vectors. The two Lorentz tensors in Eq.(2.14) read
Mµν++ =
1
2
gµν − 1
s
qν1q
µ
2 , (2.15)
Mµν+− =
1
2
gµν +
s
4tu
{
∆µν − qν1qµ2 −
ν
s
(qν1∆
µ − qµ2 ∆ν)
}
, (2.16)
where we defined ν = t− u = −2 (q1 ·∆ ) and ∆ = p1 − p2. Two tensor structures Mµν+±
describe the appropriate photon helicity amplitudes Mλ1λ2 and satisfy following relations
1
qµ1M
µν
+± = q
ν
2M
µν
+± = 0, M
µν
++M
µν
+− = 0, M
µν
i M
µν
i =
1
2
. (2.17)
The amplitudes T
(0,3)
+± are symmetric under crossing (t, u) → (u, t). The pion state in
Eq.(2.10) is C-even and can be decomposed onto isospin states with I = 0, 2. For physical
pion states the amplitude defined in Eq.(2.12) we obtain
Mµν
γγ→pi+pi− = M
µν
++ T
(0)
++ +M
µν
+− T
(0)
+−, (2.18)
1Usually one defines four helicity amplitudes M++, M−−, M+− and M−+. However for the pion pro-
duction M++ = M−− and M+− = M−+ and for brevity we do not write M−− and M−+.
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Mµν
γγ→pi0pi0 = M
µν
++
(
T
(0)
++ + T
(3)
++
)
+Mµν+−
(
T
(0)
+− + T
(3)
+−
)
. (2.19)
The cross sections read
dσpi
+pi−
d cos θ
=
piα2
16s
(
|T (0)++|2 + |T (0)+−|2
)
, (2.20)
dσpi
0pi0
d cos θ
=
piα2
32s
(
|T (0)++ + T (3)++|2 + |T (0)+− + T (3)+−|2
)
, (2.21)
where pion mass is neglected.
2.2 Leading twist approximation
In the region where s ∼ −t ∼ −u  ΛQCD the amplitude of process γγ → pipi can be
described within the factorization framework. The leading order expressions was derived
in Ref.[1], see also Refs.[26, 27] . Let us briefly discuss these results. Let us write the
amplitude as a sum
T
(i)
+±(s, θ) = A
(i)
+±(s, θ) +B
(i)
+±(s, θ), (2.22)
where A
(i)
+± and B
(i)
+± denote the leading and subleading power contributions, respectively.
The leading-twist and leading-order in αs contribution is given by the one gluon exchange
diagrams as in Fig.1.
Figure 1. An example of the leading-order diagrams describing large-angle pion production. The
shaded blobs denote the pion DAs.
The nonperturbative dynamics is described by the twist-2 pion distribution amplitude
(DA) which is defined as a following matrix element
fpiϕpi(x) = i
∫ ∞
−∞
dλ
pi
e−i(2x−1)(p
′·n¯) λ 〈pi−(p′) ∣∣d¯(λn¯) /¯nγ5u(−λn¯)∣∣ 0〉 . (2.23)
with the pion decay constant fpi = 131MeV. Corresponding coefficient functions have been
computed in Ref.[1]. The explicit expressions read
A
(0)
++(s, θ) = −A(3)++(s, θ) = −
(4pifpi)
2
s
αs
pi
CF
Nc
1
1− cos2 θ
〈
1
x
〉2
, (2.24)
A
(0)
+−(s, θ) = −
(4pifpi)
2
s
αs
pi
CF
Nc
{
1
1− cos2 θ
〈
1
x
〉2
− 1
9
J(θ)
}
(2.25)
A
(3)
+−(s, θ) =
(4pifpi)
2
s
αs
pi
CF
Nc
{
1
1− cos2 θ
〈
1
x
〉2
− 1
4
J(θ)
}
. (2.26)
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In these equations we used that the pion DA is symmetrical function: ϕpi(1− x) = ϕpi(x).
We also define CF = (N
2
c − 1)/2Nc and αs denotes the QCD running coupling. The
convolution integrals are defined by〈
1
x
〉
=
∫ 1
0
dx
ϕpi(x)
x
, (2.27)
and
J(θ) =
∫ 1
0
dxϕpi(x)
∫ 1
0
dyϕpi(y)
1
xx¯
1
yy¯
(x¯y¯ + xy)(xx¯+ yy¯)
(x¯y¯ + xy)2 − (x¯y¯ − xy)2 cos2 θ , x¯ ≡ 1− x. (2.28)
Using Eqs.(2.18) and (2.19) one easily finds the physical amplitudes. In particuler, for pi0pi0
production one obtains
A
(0)
++(s, θ) +A
(3)
++(s, θ) = O(α2s), (2.29)
A
(0)
+−(s, θ) +A
(3)
+−(s, θ) = −
(4pifpi)
2
s
αs
pi
CF
Nc
5
36
J(θ). (2.30)
Notice that the integral J(θ) is real and therefore all leading twist amplitudes at
leading-order are real. This is explained by the absence of any s-channel cut in the leading-
order diagrams.
A detailed phenomenological analysis based on the leading twist formulas (2.24)-(2.26)
is considered in Ref.[2]. Here we briefly discuss numerical estimates for the cross sections.
In order to apply the leading twist description one has to specify a model for the pion
DA. Following to standard approach we present these function as series over Gebenbauer
polynomials
ϕpi(x, µ) = 6xx¯
∑
n
a2n(µ) C
3/2
2n (2x− 1) . (2.31)
The coefficients a2n defined by this equation are multiplicatively renormalizable at the lead-
ing logarithmic approximation. We consider few models which can be defined as following.
model-I: µ = 1GeV, a0 = 1, a2 = 0.25, a2n = 0, n > 2. (2.32)
This simple model is based on the estimate suggested in Ref[12]. The following two models
model-II: µ = 1GeV, a0 = 1, a2 = a4 = a6 = 0.1, a8 = 0.034, a2n = 0, n > 8, (2.33)
model-IIIµ = 2.4GeV, a0 = 1, a2 = 0.157, a4 = −0.192, a6 = 0.226, a2n = 0, n > 4,
(2.34)
have been recently suggested in Refs. [13] and [15], respectively. One more alternative
model was suggested in [33]
set-CZ: µ = 1GeV, a0 = 1, a2 = 2/3, a2n = 0, n > 2, (2.35)
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The running coupling will be computed at the scale µR = 0.8WGeV for the models
I-III. For CZ-model we will use fixed value µR = 1.3GeV as in Ref.[2]. The inverse moment
defined in Eq. (2.27) can be presented as a sum〈
1
x
〉
= 3(1 + a2 + a4 + ...+ a2n + ...). (2.36)
Then for the different models one obtains (µ = 1GeV)〈
1
x
〉
I
= 3.75,
〈
1
x
〉
II
= 4.00,
〈
1
x
〉
III
= 4.05,
〈
1
x
〉
CZ
= 5 . (2.37)
The integral J(θ) defined in Eq.(2.28) will be computed numerically. In Refs. [1, 2] it as
found that this integral provides a small numerical effect. Therefore the main difference
between the different models of pion DA is provided by the inverse moment (2.37) and by
the value of running coupling αs. For simplicity, we will also neglect an imaginary part
which appear in the timelike kinematics from various large logarithms.
d
σ
π
+
π
−
/d
|c
os
θ|,
n
b
0.1
1
cosθ
0 0.1 0.2 0.3 0.4 0.5 0.6
d
σ
π
0
π
0
/d
|c
os
θ|,
n
b
0.001
0.01
0.1
1
cosθ
0 0.1 0.2 0.3 0.4 0.5 0.6
Figure 2. The cross sections as a function of cos θ computed at the leading twist approximation
at fixed W = 3.05 GeV. The black solid line corresponds CZ-model, red dashed curve describes
model-I, black dot-dashed and blue dotted curves describe model-II and III, respectively. The data
are taken from Refs.[5, 6]
In Fig.2 we show the leading twist estimates for differential cross sections in comparison
with BELLE data [5, 6] at W = 3.05GeV. For the pion DA defined by models I-III we fix
the hard scale as µ = 2.4GeV. The relatively low value of the scale for CZ-model yields
αs(1.7GeV
2) = 0.395. In this case such choice is dictated by a large role of the endpoint
region where x ∼ 1 or x ∼ 0. In this region the virtualities of hard partons are relatively
small and this leads to a smaller value of the hard scale in phenomenological calculations.
From Fig.2 we conclude that the leading twist approximation provide a reasonable
description of the angular behavior but predicts a very small absolute normalization. The
cross section computed with the models I-III is about an order of magnitude below the
data.
A more realistic estimate is obtained only with the CZ-model in case of pi+pi− produc-
tion. This model yields much larger results because the wide profile of the DA provides
a larger value of the inverse momentum 〈1/x〉 and also due to larger value of αs. In this
case one cannot exclude a sizable contribution from the higher-order radiative corrections.
Some work in this direction is presented in Ref.[34].
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On the other hand a description of the cross section for pi0pi0 production remains very
problematic for all models of pion DA. Potentially large contributions are compensated
in the expressions (2.29) and (2.30). Therefore in this case any leading twist estimate
provides very small numerical value for the cross section as shown in Fig.2. In Ref.[10] it is
suggested that, probably, some specific higher-order radiative corrections can help to solve
this problem.
An alternative description can be developed if one assumes that power suppressed
contributions are quite large at some moderate values of hard scale Q2. A large numerical
contribution in this case can be generated by the soft-overlap mechanism. In Refs.[17, 18]
this idea is used in order to develop the handbag model . In present work we continue to
study the role of the soft-overlap contribution using the SCET factorization framework.
3 A toy integral with the soft-overlap contribution
In this section we consider a specific Feynman integral in order to demonstrate the relevance
of the hard-collinear modes in description of the soft-overlap mechanism. We will show
that the factorization of the soft contribution requires to introduce the hard-collinear and
the soft modes. We will also see that the overlap of collinear and soft regions introduces
the endpoint singularities in the collinear convolution integrals. These divergencies cancel
only in the sum of collinear and soft contributions.
Let us consider the following scalar integral
J =
∫
dk
m2
[k2 −m2] [(k + p′)2] [(k + q′)2] [(k + y¯p′)2 −m2] , (3.1)
where we assume that p′ ' Qn/2 , q′ ' Q¯n¯/2 so that p′2 = q′2 = 0 and −q2 ≡ Q2 =
2(p′ · q′) m2. For the integral measure we imply
dk = µ2εeεγE
dDk
ipiD/2
, D = 4− 2ε. (3.2)
We also assume that all propagators in the square brackets in Eq.(3.1) are defined with
the standard +iε prescription. This integral can be associated with the diagram in Fig.3
where all particles are scalar. The dimensionless variable y describes a fraction of the total
q
q′
yp′
−y¯p′
k
k + q′
k + p′
Figure 3. The graphical interpretation of the toy integral in Eq.(3.1).
momentum p′ carried by the outgoing “quark”, we also use the short notation y¯ = 1− y.
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The integral J (3.1) is ultraviolet (UV) and infrared (IR) finite and can be easily
computed in D = 4. Using the standard technique one obtains
J =
1
y¯Q2
{
−Li(y) + pi
2
6
}
+
m2
y¯Q4
(
ln
m2
Q2
+ ...
)
+O(1/Q6), (3.3)
where the mass m is considered as a soft scale, Li(z) denotes the Spence function (or diloga-
rithm, see definition in Eq.(4.40)) and the dots denote simple non-logarithmic contributions
which will be not considered for brevity.
Let us obtain the expansion in Eq. (3.3) by identifying the momentum configurations
that give non-vanishing contributions to the integral. For that purpose we recompute the
integral (3.1) using the technique known as expansion by momentum regions [35–37].
Below we will use the small parameter λ ∼√m/Q which is convenient for the estimate
of the various terms in the effective theory. Using this parameter and defining the light-cone
coordinates as (p · n, p · n¯, p⊥) ≡ (p+, p−, p⊥) one finds
q ∼ ph ∼ Q(1, 1, 1), q′ ∼ pc ∼ Q(1, λ4, λ2), p′ ∼ pc ∼ Q(λ4, 1, λ2), (3.4)
where ph and pc denote a generic hard and collinear momenta, respectively. In addition
we will also need the soft ps and hard-collinear phc momenta which scale as
ps ∼ Q(λ2, λ2, λ2), phc ∼ Q(1, λ2, λ) or phc ∼ Q(λ2, 1, λ). (3.5)
The hard region. In the hard region k ∼ ph, see Eq.(3.4). In this case the expression
for the integral reads
Jh =
∫
dk
m2
[k2] [(k + p′)2] [(k + q′)2] [(k + p′2)2]
=
m2
y¯Q4
(
2
ε
+ 2 lnµ2/Q2
)
. (3.6)
This integral can be easily computed in dimensional regularization using the Feynman
parameters.
The n-collinear region. In this region k ∼ pc ∼ p′, see Eq.(3.4). Performing the
expansion of the integrand in this region we obtain
Jn '
∫
dk
m2
[k2 −m2] [(k + p′)2] [(k + p′2)2 −m2]
(
1
[2(kq′)]
− k
2
[2(kq′)]2
)
= J0n + J2n,
(3.7)
The first integral J0n is of order λ
0 and UV and IR finite. Computation this integral yields
J0n =
1
y¯Q2
(
−Li(y) + pi
2
6
)
. (3.8)
Comparing with the exact answer in Eq.(3.3) we find that this term reproduces the leading
power term of order 1/Q2.
The second integral in Eq.(3.7) is subleading and scales as J2n ∼ λ4. In order to
compute this integral we use a simple trick k2 = [k2 −m2] +m2 in the numerator (3.7) in
order to cancel the propagator [k2 −m2]−1. This gives the sum of the two integrals: one
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of them is UV-divergent (without the propagator [k2−m2]−1). Computing these integrals
with the help of light-cone variables in D = 4− 2ε one finds
J2n = − m
2
y¯Q4
(
µ2
m2
)ε
1
ε
+
m2
y¯Q4
∫ p′−
0
dk−
p′− − k−
+ ... . (3.9)
The first term on the rhs has pole 1/ε which originates from the UV-divergent integral.
The second UV finite integral gives the second contribution on the rhs (3.9) which is IR-
divergent and cannot be defined without an additional regularization. This singularity can
be interpreted as the endpoint divergency in the collinear convolution integral.
The n¯-collinear region. In this case k ∼ pc ∼ q′ and already the leading term in the
expansion is of order λ4
Jn¯ ' 1
y¯
∫
dk
1
[2(kp′)]2
m2
[k2 −m2] [(k + q′)2] . (3.10)
The straightforward calculation of this integral with the help of the light-cone variables
gives
Jn¯ = −1
2
m2
y¯Q4
1
ε
(
µ2
m2
)ε ∫ 1
0
dk+
[k+]
2 (1− k+)−ε. (3.11)
In order to obtain this expression we computed the integral over k− using residues and
then integrated over the transverse momentum k⊥. The pole 1/ε is again due to the
UV-divergency of the integral over the transverse momentum k⊥. However the remaining
integral over dk+ is power divergent in the region k+ ∼ 0.
In order to resolve this ambiguity let us rewrite the integrand as a sum of the following
terms
1
[k2 −m2] [(k + q′)2] =
1
[k2 −m2]
(
1
[(k + q′)2]
− 1
[2(kq′)]
)
+
1
[k2 −m2] [2(kq′)] , (3.12)
This yields two contributions
Jn¯ =
1
y¯
∫
dk
m2
[2(kp′)]2
1
[k2 −m2] [2(kq′)]
− 1
y¯
∫
dk
m2
[2(kp′)]2
k2
[k2 −m2] [(k + q′)2] [2(kq′)] = J1n¯ + J2n¯. (3.13)
Computing the the first integral J1n¯ one obtains scaleless and power divergent integral
J1n¯ ∼
∫ ∞
0
dk+
k2+
∫
dk⊥
k2⊥ +m2
= 0. (3.14)
Therefore we assume that this integral vanishes and can be neglected. Computation of the
second integral yields
J2n¯ = −1
y¯
∫
dk
m2
[2(kp′)]2
k2
[k2 −m2] [(k + q′)2] [2(kq′)]
= − m
2
y¯Q4
(
µ2
m2
)ε
+
m2
y¯Q4
∫ q′+
0
dk+
k2+
ln[1− k+/q′+]
(
q′+ − 2k+
)
. (3.15)
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The first term on the rhs has UV-pole 1/ε which appears from the integration over k⊥.
The second term has already only the logarithmic singularity when k+ → 0. Here we again
observe that the UV and IR singularities in Eq.(3.15) enter additively. Again, in order to
compute integral J2n¯ one needs an additional regularization prescription.
The soft region. In this case k ∼ ps, see Eq.(3.5). Expansion of the integrand in this
region yields two contributions of order λ2 and λ4
Js ' 1
y¯
∫
dk
m2
[k2 −m2] [2(kp′)]2 [2(kq′)]
{
1− k
2
[2(kq′)]
− k
2
2(kp′)
− k
2 −m2
2(kp′2)
}
. (3.16)
Computation of these integrals in D = 4 − 2ε yields the scaleless integrals. This is a well
known problem when one has to introduce an additional auxiliary regularization. Some
of the soft integrals in Eq.(3.16) are even power divergent. As a result such contributions
can even generate fictitious subleading terms which are not presented in the exact answer.
Consider the first contribution in Eq.(3.16). It is easy to see that it scales as
J1s =
1
y¯
∫
dk
m2
[k2 −m2] [2(kp′)]2 [2(kq′)] ∼ λ
2, (3.17)
and gives the power correction of order 1/Q3 which is not presented in the exact answer
(3.3). A more detailed investigation shows that the corresponding integral is power diver-
gent and therefore must be considered as scaleless and therefore vanishes.
In order to see this let us introduce an additional auxiliary regularization. We consider
the following regularized integral
J reg1s =
m2
y¯ Q2p′−
1
2
∫
dk−
[k−]
∫
dk+
[k+ − τ+]2
dk⊥[
k+k− − k2⊥ −m2
] , (3.18)
where we use the light-cone variables (k+, k−, k⊥) and introduce regularization parameter
τ+. We assume that τ+ transforms in the same way as k+ under longitudinal boost k+ →
αk+. Notice that without the prefactor ∼ 1/p′− the integral is not invariant with respect to
longitudinal boosts because the factor 1/[k+ + τ+]
2 in the denominator (3.18). As a result
the computation of this integral leads to a power divergent contribution when τ+ → 0.
Taking the integral over k+ by residues and integrating over k⊥ we obtain
J reg1s =
(
µ2
m2
)ε
m2
y¯ Q2
1
p′−τ+
. (3.19)
Assuming that τ+ ∼ m we obtain the contribution of order λ2. On the other hand such
contribution can not appear in the exact integral J (3.3) because we do not have appropriate
external soft momenta. Hence we can conclude that the scaleless integrals which are power
divergent can be neglected. The main lesson from this consideration is that one must
consider only such soft integrals which are boost invariant and therefore have only the
logarithmic endpoint singularities.
Following this argumentation the third and the forth terms on rhs of Eq.(3.16) can
also be neglected. Hence only the second term ∼ k2/[2(kq′)]2 in Eq.(3.16) provides a
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non-vanishing contribution of order λ4. Therefore we get
Js =
m2
y¯Q4
∫
dk
−k2
[k2 −m2] [k+]2 [k−]2
. (3.20)
The overlap between the collinear and soft regions can be easily established taking the
soft limit in the collinear integrals in Eqs.(3.7) and (3.10). It is easy to see that
[Jn]s = [Jn¯]s = Js. (3.21)
This explains that the IR-divergencies in the collinear integrals are related with the overlap
of the soft and collinear regions.
Notice that integral J1s in Eq.(3.17) also appears in the soft limit of the well defined
collinear integral J0n in Eq.(3.7) but this does not provide any IR-divergencies. On the
other hand the overlap with the same soft integral J1s = J1n¯ in the collinear integral Jn¯,
see Eq.(3.13), gives the power divergent integral in Eq.(3.11). Hence we can conclude that
subtractions of such spurious soft integrals is important in order to clarify the endpoint
behavior of collinear integrals.
We find that the contributions of other possible regions provide scaleless or power
suppressed integrals and therefore can be neglected. For instance, the expansion in the
hard-collinear regions k ∼ phc defined in Eq.(3.5) yields the scaleless integrals because we
do not have external hard-collinear particles. Hence we can conclude that expansion of the
integral J up to order λ4 must be reproduced by the sum of the following integrals
J = Jh + Jn + Jn¯ + Js. (3.22)
Let us now compute each integral in the rhs and to check that we reproduce the exact
answer in Eq.(3.3).
Formally the soft integral (3.20) is scaleless in dimensional regularization and therefore
cannot be defined without an additional regularization. In present case it is convenient to
introduce the auxiliary analytic regularization as in Refs.[36, 37]. Following this prescrip-
tion we introduce two regulators λ1,2 by substituting in Eq.(3.1)
1
[(k + p′)2] [(k + q′)2]
→ ν
2(λ1+λ2)
[(k + p′)2]1+λ1 [(k + q′)2]1+λ2
, (3.23)
where ν is the corresponding regularization scale. Calculation of the regularized integrals
yields
J reg2n =
∫
dk
ν2(λ1+λ2) m2
[k2 −m2] [(k + p′)2]1+λ1 [(k + y¯p′)2 −m2]
−(1 + λ2)k2
[2(kq′)](2+λ2)
(3.24)
=
m2
Q4y¯
(
−1
ε
+ lnm2/µ2 − 1
λ2 − λ1 + lnQ
2/ν2 + ...
)
, (3.25)
J reg2n¯ =
1
Q2y¯
∫
dk
ν2(λ1+λ2) m2
[k2 −m2] [2(kp′)]2+λ1 [(k + q′)2]1+λ2
=
m2
Q4y¯
(
−1
ε
+ lnm2/µ2 +
1
λ2 − λ1 + ln ν
2/m2 + ...
)
, (3.26)
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J regs =
1
y¯
∫
dk
ν2(λ1+λ2)m2(−k2)
[k2 −m2] [2(kp′)]2+λ1 [2(kq′)]2+λ2 = 0, (3.27)
where dots denote simple non-logarithmic terms as before. The soft integral in this regu-
larization prescription remains scaleless and therefore vanishes. However additional poles
∼ 1/(λ2−λ1) appears in the collinear integrals. These poles and scale ν cancel in the sum
leaving the large rapidity logarithm lnQ2/m2
J reg2n + J
reg
2n¯ =
m2
Q4y¯
(
−2
ε
+ 2 lnm2/µ2 + lnQ2/m2 + ...
)
. (3.28)
The total expression for the sum of the collinear and soft integral reads
J regn¯ + J
reg
n + J
reg
s =
1
Q2
{
−Li2[y] + pi
2
6
}
+
m2
Q4y¯
(
−2
ε
+ 2 lnm2/µ2 + lnQ2/m2 + ...
)
. (3.29)
Using Eq.(3.6) one can easily observe that the pole 1/ε cancel in the sum of the all integrals
(3.22) and the expansion in Eq.(3.3) is reproduced. From the structure of different loga-
rithms in Eq.(3.29) we conclude that the simple large logarithm in Eq.(3.3) is reproduced
by the sum of collinear and rapidity logarithms.
3.1 Interpretation of the result in soft collinear effective theory
Let us perform interpretation of the different contributions in terms of operators and matrix
elements in the effective theory of soft and collinear particles.
The hard contribution describes the configuration where all particles in the loop inte-
gral are hard and therefore the loop diagram in this case can be interpreted as a next-to-
leading correction to a hard coefficient H. Contracting the hard subdiagram to a ”point” we
obtain the light-cone leading-order matrix element constructed from two fields. Therefore
we can write
Jh ' FT 〈0|Bc |γ〉 Hnlo ∗ FT 〈q¯q|ψ†c(η1n¯)ψc(η2n¯) |0〉 = Hnlo ∗ φqq, (3.30)
The symbol FT denotes the Fourier transformation with respect to light-cone coordinates
ηi. The asterisk denote the convolution integrals with respect to the corresponding collinear
fractions. The fields ψc and Bc denote the collinear “quark” and “photon” fields in the
effective theory.
The n-collinear contribution k ∼ p′ is given by the sum of two integrals J0n ∼ λ0 and
J2n ∼ λ4, see Eq.(3.7). In both cases the hard subdiagram is generated by the “quark”
propagator k2 +2(kq′). The “nonperturbative” subdiagram is given by remaining collinear
“quark” and “gluon” propagators. The leading order contribution J0n can be identified
with the convolution of a hard tree kernel with the one-loop contribution to the leading
collinear matrix element
J0n = FT 〈0|Bc |γ〉Hlo ∗ FT 〈q¯q|ψ†cψc |0〉nlo = Hlo ∗ φnloqq . (3.31)
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∗ ∗
Figure 4. Graphical illustration of the factorization in the n¯-collinear region. The hard lines are
shown by red color.
This contribution is finite and do not have any large evolution logarithms because the
underlying scalar field theory with is superrenormalizable.
The subleading contribution J2n is given by the next-to-leading term in the expansion
of the hard propagator with respect to the small momentum k2. Therefore we can also
identify it with the convolution of a hard tree kernel with the one-loop correction to a
collinear matrix element. But this matrix element must be already associated with the
higher twist collinear operator. Corresponding operator is constructed from two “quark”
fields and derivatives in order to reproduce the factor k2/[2(kq′)]2 in the expansion (3.7).
In position space such subleading operator can be written as
ψ†c(0)
{
1
2
(xn¯)(n∂) +
1
2
x⊥ix⊥j∂i∂j
}
ψc(x)|x=x+ ≡ ψ†cP(x, ∂)ψc. (3.32)
Schematically the subleading contribution can be represented as
J2n = Clo ∗ FT 〈q¯q|ψ†cP(x, ∂)ψc |0〉nlo = Clo ∗ ϕnloqq . (3.33)
The UV-divergence appearing in this contribution (the pole 1/ε in Eq.(3.9) ) can be asso-
ciated with the renormalization of the subleading light-cone operator. The IR-singularity
in the integral in Eq.(3.9) can be interpreted as the endpoint divergency in the collinear
convolution integral in Eq(3.33) denoted by asterisk.
The n¯-collinear contribution k ∼ q′ defines the configuration which only appears start-
ing from one-loop. We identify this contribution only with the integral J2n¯ in Eq.(3.13).
In this configuration the hard part is described by tree subdiagram with one the “gluon”
exchange as illustrated in Fig.4. Shrinking the hard subdiagram one obtains the four-
fermion collinear operator
[
ψ†cψc
]
n¯
[
ψ†cψc
]
n
. The n¯-collinear quarks describe the loop in-
tegral which can be associated with the matrix element of the operator
[
ψ†cψc
]
n¯
between
the real “photon” and vacuum state. This matrix element can be interpreted as the light-
cone distribution amplitude of the “photon”. Therefore this collinear contribution can be
schematically described as
J2n¯ = FT 〈q¯q|ψ†cψc |0〉 ∗ T ∗ FT 〈0|ψ†cψc |γ〉 = φloqq ∗ T ∗ φγ , (3.34)
where T denotes the hard coefficient function. This contribution also has UV-divergency
which can be associated with the mixing of the operators ψ†cψc and Bc describing the photon
matrix element. The IR-singularity in Eq.(3.15) is interpreted as the endpoint divergency
in the convolution integral with “photon” distribution amplitude φγ .
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a) b)
∗
Figure 5. The graphical interpretation of factorization in the soft region. The diagram a) illustrates
the factorization of the hard mode. The crossed vertex denote the operator ψ†nψn¯, the gray blob
corresponds to the matrix element in Eq.(3.35). The diagram b) describes the factorization of the
hard-collinear particles (red lines). The soft quarks are shown by the solid lines with the crosses.
The solid squares denote the effective vertices in the soft-collinear effective theory.
We observe that both collinear contributions have the endpoint divergencies in the
collinear convolution integrals. These divergencies indicate an overlap between the collinear
and soft domains. Therefore in order to define collinear contributions one has to define a
regularization which allows one to the soft regions. This regularization prescription must
be used uniformly for collinear and soft contributions in order to avoid a double counting.
The soft contribution described by the integral Js in Eq.(3.20) does not have any hard
propagator ∼ 1/p2h. In this case the hard subgraph can be identified with the tree level
vertex describing the scattering of the virtual “photon” with the hard-collinear “quark” :
γ∗qhc(q′ + k)→ qhc(p+ k). Factorizing the hard modes one obtains the matrix element in
an effective theory
Js = Cγ 〈q¯q|ψ†nψn¯ |γ〉SCET (3.35)
where fields ψ†n and ψn¯ describe the hard-collinear quarks and Cγ = 1 is the hard kernel.
This matrix element is described by hard-collinear, collinear and soft particles. Only
this modes define the soft integral in Eq.(3.20). Therefore this integral can be understood
in the framework of the soft collinear effective theory that is indicated by the subscript
SCET. The factorization of the hard modes is illustrated by the diagram in Fig.5a. The
interactions of hard-collinear fields and soft fields are described by the corresponding SCET
Lagrangian which we will not define here. Integrating over the hard-collinear fields we
reduce the matrix element (3.35) to the matrix elements of the soft and collinear fields.
This is illustrated in Fig.5b and can be described as
〈q¯q|ψ†nψn¯ |γ〉SCET ' FT 〈q¯q|ψ†cψc |0〉 (y) ∗ Jn(y,Qk+) ∗ FT 〈0|ψ†sψs |0〉 (k+, k−)
∗ Jn¯(Qk−)FT 〈0|Bc |γ〉 = φloqq ∗ Jn ∗ S ∗ Jn¯, (3.36)
where Jn and Jn¯ correspond to the hard-collinear subdiagrams with the in each collinear
sector. The soft matrix element is not local and the asterisks also denote the convolution
integral with respect to the soft fractions k± ∼ m.
Combining together the contributions from all regions one can write the factorization
formula for the integral J
J = H ∗ φqq + [C ∗ ϕqq]reg + [φqq ∗ T ∗ φγ ]reg + Cγ [φqq ∗ Jn ∗ S ∗ Jn¯]reg +O(λ6) (3.37)
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where the brackets [...]reg indicate the additional regularization prescription required for
the separation of the collinear and soft modes. This factorization introduces the additional
factorization scale dependence which must cancel in sum of the all three contributions. In
the calculation carried out above we use the analytical regularization. In this case the soft
integral remains scaleless and vanishes. It is important to keep in mind that this does not
mean the absence of the soft contribution. In this case the soft contribution is implicitly
included into the collinear integrals and therefore into the definitions of the collinear matrix
elements. This example illustrates that the definition of the collinear matrix elements
is scheme dependent and may differ from one which is usually accepted in the collinear
factorization framework (when one does not have any endpoint singularities). If one uses
a different regularization scheme then the collinear and soft contributions can be different
and therefore the soft contribution must be always added into the factorization formula.
A one more approach to define the collinear contributions is to define subtractions which
remove the soft configurations from the collinear integrals as suggested in Refs.[38, 39].2
In any case a correct description of the endpoint region can not be performed without a
consistent definition of the soft contribution.
A specific feature of the discussed integral is the simple logarithmic structure. In
a renormalizable field theory, like QCD, one usually obtains a large double logarithm. In
such case the auxiliary factorization scale ν can be used for a resummation of large rapidity
logarithms, see e.g. Ref.[40] .
One more important observation is related to the interpretation of the spurious power
suppressed contributions within the SCET approach. It was demonstrated that in the soft
region one of such contribution even predicts power correction of order λ2 ( or correction
suppressed as 1/Q ). However corresponding soft integrals are power divergent and must
be neglected. In the SCET framework such spurious contributions can be generated by
appropriate T -products when matching to SCET-II.
Consider the scalar theory discussed in this section. In this case one can easily find
the counting rules for different fields: φhc ∼ λ, φc ∼ λ2, φs ∼ λ2. Appropriate SCET
Lagrangian can be also easily derived and we skip these details here. Then the soft integral
J1s is obtained from T -product
J1s = 〈q¯q| O |γ〉SCET = 〈q¯q|T
{
O,L(2,n¯)int ,L(2,n)int ,L(1,n)int
}
|γ〉 ∼ λ2, (3.38)
with the SCET operator
O = ψ†hc,n(0)ψhc,n¯(0) ∼ O(λ2), (3.39)
and the interaction vertices
L(2,n¯)int =
∫
d4xψ†hc,n¯(x)Bc,n¯(x)ψs(x) ∼ O(λ2), (3.40)
L(2,n)int = m
∫
d4xψ†s(x)Ahc,n(x)ψc,n(x) ∼ O(λ2), (3.41)
L(1,n)int = m
∫
d4xψ†c,n(x)Ahc,n(x)ψhc,n(x) ∼ O(λ). (3.42)
2 In SCET this method is known as zero-bin subtractions.
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where we assume m ∼ λ2 and multipole expansion of the arguments for the soft fields.3
This shows that certain T -products which appear within the SCET framework describe the
power divergent integrals which was suggested to set to zero identically. Therefore such
constructions in the effective theory are fictitious and one has to study various contrac-
tions of the hard-collinear fields more carefully in order to make a conclusion about their
relevance.
In absence of external soft momenta (as in our example) one can obtain a good criteria
using transformation properties of soft convolution integrals under longitudinal boosts
n→ αn, n¯→ α−1n¯. (3.43)
If the soft integral is not invariant under (3.43) then it is power divergent and corresponding
T -product can be neglected. For instance, for the soft convolution integral J1s in Eq.(3.17)
one obtains
Is =
∫
d(n¯ · k)
(n¯ · k)
∫
d(n · k)
(n · k)2
dk⊥[
(n · k)(n¯ · k)− k2⊥ −m2
] → α−1Is. (3.44)
Then the answer for this integral must transform in the same way that leads to the power
divergent expression in Eq. (3.19).
In case of QCD the analogous contributions are described by the similar integrals but
with a soft function instead of the soft “quark” propagator (see more details in Sec. 4.3.2)
Is ∼
∫
dk+
k2+
∫
dk−
k−
S(k+k−), (3.45)
The soft function S(k+k−) is invariant under longitudinal boosts and therefore depend on
the product of the light-cone fractions. The power divergency can be easily seen performing
rescaling of the one light-cone variable. For instance, using k′− = k+k− one finds
Is ∼
∫
dk+
k2+
∫
dk′−
k′−
S(k′−). (3.46)
Therefore this property can not be related with the nonperturbative sector. We assume
that such integrals are similar to the “traditional” scaleless integrals like
∫
dDk/k2n. In
what follow we assume that such contributions are fictitious and we will also set them to
zero.
The relevant soft contribution (3.20) is described by the higher order T -product ob-
tained by expansion of the argument of the soft field in the interaction vertex in Eq.(3.40):
L(n¯)int =
∫
d4xψ†hc,n¯(x)Bc,n¯(x)
{
1
2
(xn¯)(n∂) +
1
2
x⊥ix⊥j∂i∂j
}
ψs(x). (3.47)
Therefore we find that certain T -products which describe transition from SCET-I to
SCET-II are scaleless and power divergent. The given consideration of the toy integral
provides us an evidence that such contribution can be safely excluded from a consideration.
This conclusion will be very important for an analysis of soft-overlap configurations which
we consider in the next section.
3Remind that any external collinear state scales as |pc〉 ∼ λ−2.
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4 Factorization of the subleading amplitudes in SCET
4.1 Soft Collinear Effective Theory approach: general remarks
In what follow we assume that it is enough to consider particles which have hard ph, hard-
collinear phc, collinear pc and soft ps momenta. The light-cone components (pn, pn¯, p⊥) ≡
(p+, p−, p⊥) of the corresponding momenta scale as
ph ∼ Q (1, 1, 1) , p2h ∼ Q2, (4.1)
phc ∼ Q
(
1, λ2, λ
)
or p′hc ∼ Q
(
λ2, 1, λ
)
, p2hc ∼ Q2λ2 ∼ QΛ, (4.2)
pc ∼ Q
(
1, λ4, λ2
)
or p′c ∼ Q
(
λ4, 1, λ2
)
, p2c ∼ Q2λ4 ∼ Λ2, (4.3)
ps ∼ Q
(
λ2, λ2, λ2
)
, p2s ∼ Q2λ4 ∼ Λ2. (4.4)
Here Q and Λ denote generic large and soft scales, respectively. Further we will again use
the small dimensionless parameter λ ∼ √Λ/Q. We assume that we do not need other
specific modes in order to describe factorization of the power suppressed amplitudes. Then
we expect that factorization approach consist of the following two steps. First, we integrate
out the hard modes and reduce full QCD to the effective theory. Corresponding effective
Lagrangian is constructed from the hard-collinear and soft particles. This effective theory is
denoted as SCET-I. If the hard scale Q2 is so large that the hard collinear scale µhc ∼
√
QΛ
is a good parameter for the perturbative expansion then one can perform the second step
and integrate out the hard-collinear modes. This reduces SCET-I to the effective theory
describing only collinear and soft particles and known as SCET-II.
The different formulation of the SCET can be found in Refs.[19–24]. In our work we
use the technique developed in the position space in Refs.[23, 24]. For the SCET fields
we use following notations. The fields ξCn , A
n
µC and ξ
C
n¯ , A
n¯
µC denote the hard-collinear
(C = hc) or collinear (C = c) quark and gluon fields associated with momentum p′ and p,
respectively, see Eq.(2.6). As usually, the hard-collinear and collinear quark fields satisfy
to
/nξCn = 0, /¯nξ
C
n¯ = 0. (4.5)
The fields q and Asµ describe soft quarks and gluons with the soft momenta (4.4). We will
use the standard set of convenient notation for the gauge invariant combinations
χCn (λn¯) ≡ W †n(λn¯)ξCn (λn¯), χ¯Cn (λn¯) ≡ ξ¯Cn (λn¯)Wn(λn¯), (4.6)
AnµC(λn¯) ≡
[
W †n(λn¯)DµCWn(λn¯)
]
, (4.7)
where the covariant derivative DµC = i∂µ + gA
n
µC acts inside the brackets and the hard-
collinear or collinear gluon Wilson line (WL) read:
Wn(z) = P exp
{
ig
∫ 0
−∞
ds n¯ ·AnC(z + sn¯)
}
. (4.8)
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In the wide-angle kinematics we have the energetic particles propagating with large
energies in four directions. Therefore it is useful to introduce two more auxiliary light-cone
vectors associated with the photon momenta: q1 and q2
v¯µ =
2qµ1√
s
, vµ =
2qµ2√
s
, (v¯ · v) = 2. (4.9)
Using the vectors v¯, v we also introduce the hard-collinear quark and gluon fields in the
similar way as before just changing (n, n¯)→ (v, v¯).
The explicit expression for the SCET-I Lagrangian in position space can be found in
Refs.[23, 24]. This Lagrangian being expanded in the small parameter λ is given by the
sum
L(n)SCET = L(0,n)ξξ + L(1,n)ξξ + L(1,n)qξ +O(λ2), (4.10)
where L(λ,n)ξξ ∼ O(λ) and the explicit expressions read
L(0,n)ξξ = ξ¯hcn (x)
(
i n ·D + gn ·As(x−) + i /D⊥(in¯ ·D)−1i /D⊥
)
ξhcn (x), (4.11)
L(1,n)qξ = ξ¯hcn (x)i /D⊥Wn q(x−) + q¯(x−)W †ni /D⊥ξhcn (x). (4.12)
where Dµ = i∂µ + gA
n
µ hc, x− =
1
2(xn¯)n, A
s
µ denotes the soft gluon field. The expression
for the subleading term L(1,n)ξξ is a bit lengthy and we will not write it here. The similar
expressions are also valid for the other collinear sectors associate with the directions n¯, v, v¯.
The matching from SCET-I to SCET-II is performed by substituting in SCET-I La-
grangian
ξhc → ξc + ξhc, Ahc → Ac +Ahc (4.13)
and integrating over the hard-collinear fields. A more detailed description of this step can
be found in Refs.[41, 42] in the hybrid representation and in Ref.[43] in the position space
formulation.
The power counting rules for different SCET operators can be fixed using the power
counting of the SCET fields. The counting rules for the SCET fields can be obtained from
the corresponding propagators in momentum space and read (see for instance Ref.[23])
ξhcn ∼ λ, n¯ ·Anhc ∼ 1, An⊥hc ∼ λ, n ·Anhc ∼ λ2, (4.14)
ξcn ∼ λ2, n¯ ·Anc ∼ 1, An⊥c ∼ λ2, n ·Anc ∼ λ4, (4.15)
Asµ ∼ λ2, q ∼ λ3. (4.16)
In order to determine the counting rules for physical amplitudes one also needs to
define the counting for external hadronic states. In c.m.s frame the outgoing pions are
made of energetic collinear partons therefore assuming the conventional normalization of
hadronic states one obtains
〈pi(pc)| ∼ λ−2. (4.17)
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4.2 The hard contributions within the SCET framework
The hard contributions are described by convolution of a hard coefficient function with
the matrix elements of collinear operators describing the overlap with the outgoing pion
states. Only a collinear operator in SCET can be matched onto hadronic states because
the invariant mass of a hadron is restricted to order Q2λ4 ∼ Λ2.
Consider first the leading power contribution discussed in Sec.2.2. In the operator
form the hard contribution can be presented as
T {Jµem(0), Jνem(x)}hard = Hµν ∗O(4)n O(4)n¯ +O(λ9), (4.18)
where asterisk denotes the convolution integrals in position space. The leading twist-2
operator O
(4)
n in SCET notation can be written as
O(4)n = χ¯
c
n /¯nγ5χ
c
n ∼ O(λ4) . (4.19)
The arguments of the fields are on the light-cone and not shown for simplicity. All collinear
operators O
(4)
n,n¯ are color singlet and have appropriate flavor structure.
In order to compute the amplitude one has to take the matrix element from Eq.(4.18).
The soft and collinear modes are decoupled in leading SCET-II Lagrangian [41, 43] and
therefore the matrix element of the collinear operators can be factorized〈
p, p′
∣∣O(4)n O(4)n¯ |0〉SCETII = 〈p|O(4)n |0〉SCETII 〈p′∣∣O(4)n¯ |0〉SCETII . (4.20)
It is easy to see that collinear operator O
(λ)
n has the minimal possible order λ = 4, i.e.
〈pi(p)|O(λ)n |0〉SCETII = 0, λ < 4. (4.21)
Therefore we obtain the first operator with the nonvanishing matrix element only at order
λ8. Substituting in Eq.(4.20) the parametrization of matrix elements (2.23) and perform-
ing the Fourier transformation of the hard kernel H we obtain the factorization formulas
discussed in Sec.2.2. The scaling behavior of the amplitudes can be easily obtained using
the SCET counting rules that gives
A
(i)
+± ∼
〈
p′
∣∣O(4)n |0〉SCETII︸ ︷︷ ︸
λ2
∗Hµν ∗ 〈p|O(4)n¯ |0〉SCETII︸ ︷︷ ︸
λ2
∼ λ4 ∼ Λ2/Q2. (4.22)
In order to prove the leading power factorization formula within the SCET framework
one must demonstrate the absence of an appropriate soft-overlap configuration of the same
order ∼ λ8. We will do this later performing an analysis of the soft contributions.
The hard power corrections to the leading-order result (4.18) are defined by subleading
collinear operators. The set of the required operators O
(i)
n ∼ O(λi) can be described by
the two operator subsets order λ6 (twist-3) and λ8 (twist-4). Using the SCET notations
these operators can be introduced as following.
The twist-3 operators
O(6)n =
{
η¯αn /¯nγ
β
⊥γ5χ
c
n, χ¯
c
n /¯nγ
β
⊥γ5η
α
n , χ¯
c
n /¯n/An⊥γ5χcn
}
, (4.23)
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where we use the following notation
ηαn(x) = (in¯ · ∂)−1W †n(x)iDα⊥cξcn(x) ∼ O(λ4), (4.24)
η¯αn(x) = ξ¯
c
n(x)i
←−
Dα⊥cWn(x)(in¯ ·
←−
∂ )−1 ∼ O(λ4). (4.25)
The set of the appropriate twist-4 operators can be schematically introduced as
O(8)n =
{
η¯αn /¯nγ⊥βγ5 /An⊥χcn, χ¯cn /¯nγ⊥βγ5 /An⊥ηαn , η¯αn /¯nγ⊥β /˜A
n
⊥χ
c
n,
χ¯cn /¯nγ⊥β /˜A
n
⊥η
α
n , χ¯
c
n /¯nγ5(n¯ · An)χcn, χ¯cn /¯n(n¯ · A˜n)χcn,
χ¯cn /¯nγ5Anµ⊥Anν⊥χcn, χ¯cn /¯nA˜nµ⊥Anν⊥χcn, χ¯cnΓ1χcn χ¯cnΓ2χcn
}
, (4.26)
where A˜µ⊥ = 12 iεµαnn¯Aα⊥, the symbols Γi in the four-quark operator denote the appropriate
Dirac matrices.
In Appendix A we also provide the QCD definitions well-known in the literature. The
QCD operators can be represented within the SCET framework as the operators listed in
Eqs.(4.23),(4.26). More details about this correspondence can be also found in Ref.[44].
Obviously, the analogous set of the operators can also be defined in the n¯-collinear sector.
Matrix elements of the operators in Eqs.(4.23), (4.26) define the higher twist distribution
amplitudes of pion.
Notice that all twist-3 operators are chiral odd. The first two operators in set O
(6)
n
in Eq.(4.23) are the two-particle operators. They play an important role in phenomenol-
ogy because their matrix elements include the so-called chirally enhanced DAs [50]. The
DAs of these operators can be represented as a sum of the three-particle DA defined by
the three-particle operator χ¯cn(z1)/¯n/An⊥(z2)γ5χcn(z3) and two-particle contribution which is
proportional to the large numerical factor m2pi/(mu +md), see the details in Appendix A.
The set of the twist-4 operators O
(8)
n consists of three-particle (first and second lines)
and four-particle operators. The QCD definitions of the three-particle DAs can also be
found in Appendix A. 4
Including all possible subleading contributions we obtain
T {Jµem(0), Jνem(x)}hard = Hµν ∗O(4)n O(4)n¯ +
∑
Tµν6 ∗O(6)n O(6)n¯
+
∑
Tµν8 ∗ {O(4)n O(8)n¯ +O(8)n O(4)n¯ }+O(λ13), (4.27)
where the sum over all operators which enter in the sets O
(6,8)
n is implied, the kernels
Tµνi denote the hard coefficient function. In Eq.(4.27) we excluded the contributions of
order λ10 provided by the operators like O
(4)
n O
(6)
n¯ . Such combinations can be neglected
because corresponding coefficient functions vanish in the massless QCD (O
(4)
n and O
(6)
n¯
have different Dirac structure). It is easy to see that subleading contributions in Eq.(4.27)
are given by the operators of order λ12.
The full description of the subleading contribution in Eq.(4.27 ) is very complicated
because of large number of the various subleading operators. Let us at first step, in order to
4There are also two-particle twist-4 DAs which can be expressed through the twist-2 and twist-4 DAs.
For simplicity we do not introduce them here.
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p′1,α
′
p′2,β
′
p1,α
p2, β
= + + . . .
Figure 6. Graphical representation of the function Dµνab (pi, p
′
i) defined in Eq.(4.29).
simplify the calculations, to restrict the following consideration only by the specific chiral
enhanced contribution. Such approximation might also be justified phenomenologically due
to relatively large normalization coefficients of the corresponding DAs. The consideration
of other contributions we postpone for future work. Therefore in what follow we assume
that
T {Jµem(0), Jνem(x)}hard ' Hµν ∗O(4)n O(4)n¯ + Tµν ∗O(6)χnO(6)χn¯ . (4.28)
where the operator O
(6)
χn denotes the chiral enhanced contributions.
In order to compute the hard kernel Tµν one has to consider the diagrams which are
similar to those in Fig.1 but with the appropriate twist-3 projections for pion DAs. We
will use a technique suggested in Refs.[49, 53]. In this case a compact expression for the
subleading amplitudes B
(i,h)
+± (2.22 ) can be written as
δabB
(0,h)
+± (s, θ) + δ
a3δb3B
(3,h)
+± (s, θ) =
(fpiµpi)
2
16
∫ 1
0
dx Mˆβ′α′(x, p
′)
∫ 1
0
dy Mˆβα(y, p)
×
[
2Mµν1,2 D
µν
ab (pi, p
′
i)
]
α′β;αβ′
, (4.29)
where Dµνab (pi, p
′
i) denotes the sum of all diagrams describing the hard subprocess γγ →
(qq¯)n + (qq¯)n¯. The external momenta of the outgoing quarks are shown in Fig.6. The
light-cone expansions of quark momenta read
p1 ' yp+ r⊥, p2 ' y¯p− r⊥, (4.30)
p′1 ' xp′ + k⊥, p′2 ' x¯p′ − k⊥. (4.31)
Twist-3 quark projectors Mˆ in Eq.(4.29) are given by
Mˆαβ(y, p) = φp(y) [γ5]βα − pλ
[
σλργ5
]
βα
i
6
[
nρ
(p · n)φ
′
σ(y)− φσ(y)
∂
∂rρ⊥
]
, (4.32)
Mˆβ′α′(x, p
′) = φp(x) [γ5]β′α′ − p′λ
[
σλργ5
]
β′α′
i
6
[
n¯ρ
(p′ · n¯)φ
′
σ(x)− φσ(x)
∂
∂kρ⊥
]
. (4.33)
Here for the DAs φp,σ we use only the chiral enhanced pieces
φp(x) = 1, φσ(x) = 6xx¯, φ
′
σ(x) = 6(1− 2x). (4.34)
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The expressions in Eqs.(4.32) and (4.33) include the differentiations with respect to the
relative transverse momenta r⊥ and k⊥. After the differentiation one can put r⊥ = k⊥ = 0.
In order to compute the traces in expression Eq.(4.29) we used package FeynCalc [54]. We
obtained the following results
B
(0,h)
++ (s, θ) ' B(3,h)++ (s, θ) ' 0 +O(α2s), (4.35)
B
(0,h)
+− (s, θ) =
αs
4pi
CF
Nc
(4pifpi)
2
s
µ2pi
s
{
(e2u + e
2
d)
(3− η2)
(1− η2) Is +
2eued
(1− η2) I(η)
}
, (4.36)
B
(3,h)
+− (s, θ) =
αs
4pi
CF
Nc
(4pifpi)
2
s
µ2pi
s
(eu − ed)2
(1− η2) I(η), (4.37)
where η = cos θ. We also introduced special notations for the two types of the collinear
convolution integrals. The singular integrals are given by
Is =
∫ 1
0
dy
∫ 1
0
dx
(
1
yx¯
+
1
xy¯
)
. (4.38)
The finite collinear integrals can be computed that yields
I(η) = 8− 4η ln
[
1 + η
1− η
]
+ 2(3− η2)
{
Li
[
1 + η
2
]
+ Li
[
1− η
2
]
− 2pi
2
3
− ln2 1 + η
1− η +
1
2
(
ln2
1 + η
2
+ ln2
1− η
2
)}
, (4.39)
where Li[z] denotes the Spence function defined by
Li(z) = −
∫ z
0
dt
ln(1− t)
t
. (4.40)
The simple description of the singular and regular integrals is possible due to the different
isotopic factor in front of the appropriate diagrams. The regular integral I(η) is only
provided by the diagrams where photons couple to the different quark lines (like the second
diagram in Fig.1). Therefore these diagrams are not singular and corresponding convolution
integrals can be computed explicitly. At large values of scattering angle η ∼ 0 ( remind
that η = cos θ hence θ ∼ 90o) we obtain
I(η → 0) = 8− 3pi2 + η2(pi2 − 20) +O(η4). (4.41)
From obtained results we also conclude that there are no chiral enhanced corrections
to the amplitudes B
(i,h)
++ at leading order in αs. These amplitudes obtain corrections from
the twist-3 three-particle DA which are not considered in this paper.
The end-point singularities accumulated in the integral Is originate in the diagrams
where both photons couple to the same quark line. The integral Is in Eq.(4.37) is real
and has the logarithmic endpoint divergencies. For simplicity we do not introduce any
explicit regularization for Is. The nice feature is that at leading-order in αs the divergent
integrals does not depend on the scattering angle θ. As we have seen in Sec. 3 the endpoint
singularities indicate that there is an overlap between the soft and collinear regions and in
order to develop a consistent description of the power corrections it is necessary to include
the appropriate soft-overlap contributions which will be considered in the next section.
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b ca
Figure 7. The diagrams illustrating the different groups of the SCET operators in Eq.(4.43). The
solid red lines show the hard subdiagrams, the dashed fermion and solid gluon lines denote the
hard-collinear particles. The solid lines with the crosses show the soft particles. The black squares
denote vertices in the effective theory.
4.3 The soft-overlap contribution within the SCET framework
We suppose that the complete factorization is described by the sum of the hard (4.27) and
soft contributions
T {Jµem(0), Jνem(x)} = T {Jµem(0), Jνem(x)}hard + T {Jµem(0), Jνem(x)}soft , (4.42)
The soft-overlap contributions depends on the three scales: hard µh ∼ Q2, hard-collinear
µhc ∼
√
ΛQ, and soft µs ∼ Λ . The factorization in this case is performed by integration
over hard and hard-collinear modes. Performing the factorization of the hard modes we
reduce T -product of the electromagnetic currents to a set of SCET-I operators O(k) ∼ λk
constructed from the hard-collinear fields
T {Jµem(0), Jνem(x)}soft =
∑
i
Cµνi ∗O(k)i . (4.43)
We divide these operators on the three groups according to their possible structure. The
simplest group is described by the operators consist of hard-collinear fields from the n- and
n¯-collinear sectors. Such configuration can be illustrated by diagram in Fig.7 (a). Shrinking
the hard lines (hard subgraph) to a “point” we obtain the two-jet operator ∼ χ¯hcn An⊥hcχhcn¯ .
Here we show the hard-collinear gluon just for illustration, a more detailed analysis is
given below. Corresponding contributions can be interpreted as a soft overlap between the
outgoing pions.
The second group can be associated with the operators which appear if one of the
electromagnetic currents on lhs of Eq.(4.43) is matched onto subleading SCET operator
with soft quark field(s)
Jem ' q¯γ⊥χhcv +O(λ5). (4.44)
This possibility is illustrated in Fig.7 (b). Shrinking the hard subgraph we obtain the
three-jet hard-collinear operator ∼ χ¯hcv γAn⊥hcχhcn¯ . These contributions can be interpreted
as a soft overlap contributions between photon and outgoing pions. In the toy integral
considered in Sec.3 such contribution can be associated with the soft Js, see interpretation
in Fig.5.
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The third group SCET operators correspond to the configuration when the both elec-
tromagnetic currents on lhs of Eq.(4.43) are matched onto SCET subleading operators as
in Eq.(4.44). Such possibility is illustrated in Fig.7 (c). Shrinking the hard subgraph we
obtain the four-jet hard-collinear operator ∼ χ¯hcv Γχhcv¯ χ¯hcn Γχhcn¯ . In this case one faces with
the soft overlap configuration between the all external states.
The main purpose of the following consideration is to establish the SCET-I operators
which can overlap with the hard configurations described in Eq.(4.28). Then we include
corresponding soft-overlap contributions into the factorization formula in order to have a
consistent description of the subleading corrections. In order to establish the order and
structure of the soft-overlap contribution we consider the matching of the SCET-I operator
O(k) in Eq.(4.43) onto SCET-II operators with the appropriate structure. Technically this
can be done performing the substitution (4.13) constructing appropriate T -products in the
intermediate theory with hard-collinear, collinear and soft fields [41–43].
We start our analysis from the two-jet operators of the first group which are built from
the hard-collinear fields of n− and n¯ sectors. Computation of the relevant T -product gives
the following expression
T
{
O(k),L(l1,n)int ,L(m1,n¯)int , ....
}
' O(i)n ∗ Jn ∗OS ∗ Jn¯ ∗O(j)n¯ , (4.45)
where the jet-functions Jn and Jn¯ describe the contractions of the hard-collinear fields.
They can be computed from the appropriate SCET diagrams. The operators O
(j)
n¯,n¯ and
OS are built only the collinear and soft fields, respectively. In what follow we will call
the expression on rhs of (4.45) by soft-collinear operator. If the soft-collinear operator in
Eq.(4.45) has the same order as the collinear operator O
(i)
n O
(j)
n¯ ∼ λi+j describing the hard
contribution then we can conclude that SCET-I operator O(k) is relevant for the description
of the soft-collinear overlap and must be included in Eq.(4.43).
Technically it is convenient to compute the hard-collinear contractions in each collinear
sector independently considering soft and collinear fields as external fields. Taking into
account that the SCET operator O(k) from the first group can be presented as a simple
product of two hard-collinear operators
O(k) = O(k1,n)O(k2,n¯), (4.46)
Therefore we can write
T
{
O(k),L(l1,n)int ,L(m1,n¯)int , ....
}
' T
{
O(k1,n),L(l1,n)int , ....
}
T
{
O(k2,n¯),L(m1,n¯)int , ....
}
. (4.47)
Computation of the T -products in each hard-collinear sector yields
T
{
O(k1,n),L(l1,n)int , ....
}
' O(i)n ∗ Jn ∗ S, (4.48)
T
{
O(k2,n¯),L(m1,n¯)int , ....
}
' S¯ ∗ Jn¯ ∗O(j)n¯ . (4.49)
where symbols S and S¯ denote the soft operators. Combining (4.48) and (4.49) we obtain
the expression in Eq.(4.45) with the soft operator
OS = SS¯. (4.50)
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Combining T -products (4.48) and (4.49) we have impose certain constraints on the
operators O(k). We will exclude the operators with the odd number of the transverse
indices like
O
(k)
⊥ [odd] = { χ¯hcn γµ⊥χhcn¯ , χ¯hcn /An⊥hcAn⊥µhcχhcn¯ , ...} (4.51)
The matrix elements of such operators vanish due to the Lorentz invariance〈
p, p′
∣∣O(k)⊥ [odd] |0〉SCET = 0. (4.52)
The chiral-odd operators O(k) like χ¯hcn χ
hc
n¯ , χ¯
hc
n γ5χ
hc
n¯ and so on can also be neglected because
the corresponding coefficient functions vanish in massless quark limit.
Using that collinear and soft fields are factorized in SCET-II Lagrangian one finds〈
p, p′
∣∣O(i)n ∗ Jn ∗OS ∗ Jn¯ ∗O(j)n¯ |0〉 ' 〈p′∣∣O(i)n |0〉 ∗ Jn ∗ 〈0|OS |0〉 ∗ Jn¯ ∗ 〈p|O(j)n¯ |0〉 . (4.53)
This implies that the soft operator OS must have nonvanishing matrix element in Eq.(4.53).
In what follows our task is to find all operators Eq.(4.45) which provide the overlap
with the configurations describing the hard contribution in Eq.(4.28).
4.3.1 The soft-overlap contribution with operator O
(4)
n O
(4)
n¯
We start our analysis from the soft-overlap configuration which is described by the collinear
operator O
(4)
n O
(4)
n¯ . In order to obtain the full soft-collinear operator we consider first the
T -products in the one collinear sector
T
{
O(k1,n),L(l1,n)int , ....
}
' O(4)n ∗ Jn ∗ S. (4.54)
The simplest possible set of the operators of order λ can be described as
O(1,n) = {χ¯n, χn,An⊥} , (4.55)
Here and further we do not write explicitly the label hc for the hard-collinear fields assuming
ξhc ≡ ξ. The first and second operators describes the hard-collinear quark and antiquark,
respectively. The analysis of the quark and antiquark configurations are very similar and
we consider only the quark operator. The gluon operator can appear only in the next-to-
leading in αs hard coefficient function and therefore is subleading.
It is not possible to built any T -product (4.54) which yields the required soft-collinear
operator of order λ4 or smaller. Consider first the case of the quark operator χ¯n. In
order to obtain the two collinear quark fields for O
(4)
n one needs at least two insertions of
the vertices L(1,n)int which include collinear fields ξ¯cn and ξcn. Such vertices can be obtained
from the leading-order Lagrangian L(0,n) with the help of the substitution (4.13). In this
configuration only soft quark can appear as a soft field. Hence in order to have soft quark
field in rhs (4.54) one needs at least one more insertion L(1,n)int with the soft quark. Therefore
one obtains T -products of order λ4. Using the SCET Lagrangian we found the following
three possibilities
T
{
χ¯n,L(1,n)int [ξ¯cA⊥A⊥ξ],L(1,n)int [ξ¯A⊥A⊥ξc],L(1,n)int [q¯A⊥ξ]
}
' O(4)n ∗ Jn ∗ q¯, (4.56)
T
{
χ¯n,L(1,n)int [ξ¯cA⊥A⊥ξ],L(2,n)int [q¯A⊥ξc]
}
' O(4)n ∗ Jn ∗ q¯, (4.57)
T
{
χ¯n,L(1,n)int [ξ¯cA⊥A⊥ξ],L(2,n)int [ξ¯A⊥As⊥ξc]
}
' O(4)n ∗ Jn ∗As⊥, (4.58)
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where in the square brackets L(1,n)int [. . . ] we show the field structure of the interaction terms.
The explicit expressions for these SCET interactions can be found in Appendix B. Remind
that field q denotes the soft quark.
However all these T -products include the odd number of the transverse hard-collinear
gluon fields A⊥. In order to contract them one can insert one more three gluon vertex
L(0,n)int [∂⊥A⊥A⊥A⊥]. However due to the transverse derivative the obtained loop integrals
vanish because we do not have external hard-collinear transverse momenta. Hence using
the quark (antiquark) operator χ¯n one can not obtain the soft-collinear operator (4.54) of
order λ4.
Consider now the gluon operator in Eq.(4.55). In this case the required T -product can
be described as
T
{
An⊥,L(3,n)int
[
ξ¯cn A
n
⊥A
s
⊥ ξ
c
n
]} ' O(4)n ∗ Jn ∗As⊥ ∼ λ4. (4.59)
However in such contribution the collinear operator has isospin zero while we need the
operator with isospin one. Therefore T -product in Eq.(4.59) can be neglected. In this case
we did not find any other possibility to obtain the soft-collinear operator of order λ4 with
the required structure.
Therefore we demonstrated the absence of the soft-collinear operator which can overlap
with the leading-order collinear operator O
(4)
n¯ O
(4)
n . Therefore the leading order formula
(4.18) is valid to all orders in αs.
The hard corrections described in Eq.(4.18) are suppressed by relative factor λ4. Is
this estimate also valid for the the soft corrections in Eq.(4.43)? As we agreed before we
shall neglect the soft-collinear configurations with O
(4)
n¯ O
(4)
n if they are also suppressed by
relative factor λ4.
In order to estimate corresponding power corrections we need to study the higher order
contributions generated by the soft-collinear operators in Eq.(4.54). In particular we are
interested in T -products in (4.54) which can provide the soft-collinear operator of order
λ5. It turns out that such contributions can be easily constructed. The simplest possibility
can be described as
T
{
χ¯n,L(1,n)int
[
ξ¯cA⊥A⊥ξ
]
, L(3,n)int [q¯A⊥A⊥ξc]
}
∼ O(λ5), (4.60)
Contractions of the gluon fields in (4.60) yield the diagram with the hard-collinear loop.
One more possibility is given by the following T -product
T
{
χ¯n,L(2,n)int
[
ξ¯cA⊥As⊥ξ
]
, L(2,n)int [q¯A⊥ξc]
}
∼ O(λ5), (4.61)
where the explicit expressions for the Lagrangians L(2,n)int are given in Appendix B. In this
case the soft configuration is more complicate and includes also the soft gluon field As⊥.
The other configurations of order λ5 are related with the higher order operators
O(2,n) ∼ λ2
O(2,n) = χ¯nA
n
⊥. (4.62)
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We postpone the discussion of the Dirac and color structure of the operators O(k,n) until
construction of the total soft-overlap contribution (4.53). The appropriate T -product (4.54)
which scales as λ5 are given by
T
{
χ¯nA
n
⊥,L(1,n)int
[
ξ¯c(n ·A)ξ] ,L(2,n)int [q¯A⊥(n¯ ·A)ξc]} ∼ O(λ5), (4.63)
This configuration again describes the digram with hard-collinear loop. The tree level
hard-collinear contribution can be obtained using the higher order operator
O(3,n) = χ¯cnA
n
⊥. (4.64)
This operator already includes one collinear field ( it is easy to see that O(3,n) is obtained
from O(2,n) using the substitution (4.13)). In this case the required T -product read
T{χ¯cnAn⊥,L(2,n)int [q¯A⊥ξc] } ∼ O(λ5), (4.65)
with L(2,n) shown in Eq.(B.3). The other higher order operators O(k,n) with k ≥ 3 provide
the T -products which have order λ6 or higher and therefore we will not consider them now.
For simplicity we also will not consider the T -products with the gluon operator An⊥ because
it suppressed by hard αs and therefore can be neglected in our calculation.
The relevant T -products for the n¯-collinear sector can be described in the similar way.
Therefore we can construct the total soft-collinear operator following to Eq.(4.47). The
operators O(k1,n) and O(k2,n¯) with ki ≤ 3 can be combined in the operators O(k) with
k = k1 + k2 < 6. Building the total operator O
(k) in Eq.(4.46) we must take into account
the restrictions from the Lorentz symmetry already discussed in the previous section. These
operators are built from two hard-collinear quark fields and any number of hard-collinear
gluon fields. These are chiral-even operators which can only have even transverse Lorentz
indices. This allows one to conclude that
O(k) = χ¯n (n · An)l γ⊥µ1 An⊥µ2 ...An¯⊥µ2p
(
n¯ · An¯)m χn¯, (4.66)
where we assume that all fields in are hard-collinear. Using C-parity we obtain the leading
order operator
O(3) = χ¯n
(
/An⊥ + /An¯⊥
)
χn¯ + (n↔ n¯), (4.67)
Combining the T -products of order λ5 described in Eqs.(4.60),(4.61) and (4.65) we
obtain the soft-collinear operators of order λ10 which therefore have relative suppression of
order λ2. All these contributions are described by the operator O(3) or higher order opera-
tors obtained from O(3) with the help of substitution (4.13). There are only two T -products
which provide the soft-collinear operator of order λ10. Corresponding contributions can be
illustrated by diagrams shown in Fig.8. The diagram (a) is described by the combination
of T -product as in (4.61) and (4.65)
T
{
χ¯n /An¯⊥χcn¯, L(2,n)int
[
ξ¯cA⊥As⊥ξ
]
, L(2,n)int [q¯A⊥ξc] ,L(2,n¯)int
[
ξ¯cA⊥q
]}
. (4.68)
The diagram (b) is provided by the combination of T -products as in (4.60) and (4.65)
T
{
χ¯n /An¯⊥χcn¯, L(1,n)int
[
ξ¯cA⊥A⊥ξ
]
, L(3,n)int [q¯ A⊥ξc] ,L(2,n¯)int
[
ξ¯cA⊥q
]}
(4.69)
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b)a)
O
(4)
n¯
O(4)n
Figure 8. The diagrams of order λ10 which are provided by the T -products in Eqs.(4.68) and
(4.69), respectively.
This is interesting observation which suggest that there are 1/Q corrections associated
with the soft contributions. However as we have already seen in Sec.3 such contributions
can only provide formal expressions for spurious integrals. Therefore in order to make
correct conclusion one has to study the SCET diagrams and show that corresponding soft
integrals are not power divergent. For that purpose we need to know their transformation
properties under longitudinal boost transformations (3.43).
Consider the diagram in Fig.8 (a). The soft convolution integral reads
Jn ∗ S ∗ Jn¯ ∼
∫
dk−2
k−2
∫
dk+1
k+1
dk+2
k+2
S(k+1 , k
+
2 , k
−
2 ), (4.70)
where the soft correlation function (CF) is defined as5
S(k+1 , k
+
2 , k
−
2 ) = FT 〈0| q¯(λ1n)/As⊥(λ2n)q(η1n¯) |0〉 . (4.71)
with the Fourier transformation
FT ≡
∫
d(x · n¯) eik+1 (x·n¯)
∫
d(y · n¯) ei(k+1 −k+2 )(y·n¯)
∫
d(x · n)e−ik−2 (x·n). (4.72)
From this definition we see that under boost transformations
S(k+1 , k
+
2 , k
−
2 )→ α−1 S(k+1 , k+2 , k−2 ). (4.73)
and therefore the soft integral in Eq.(4.70) is not invariant under boosts. Hence this integral
is power divergent and therefore vanishes as the spurious contribution. We also checked
this conclusion considering the soft limit of the appropriate two-loop QCD diagram. A
similar analysis for the diagram in Fig.8 (b) also yields that this diagram is associated with
the power divergent soft integral and therefore can be neglected.
4.3.2 The soft-overlap contribution with operators O
(6)
n O
(i)
n¯
On order to build the soft-overlap contributions with the twist-3 operators O
(6)
n we need
to consider T -products with the following structure
T
{
O(k1,n),L(l1,n)int , ....
}
' O(6)n ∗ Jn ∗ S. (4.74)
5 Here and further in the text we do not show the soft Wilson lines for simplicity.
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c)b)
O
(4)
n¯
O(6)n
a)
Figure 9. The diagrams describing the T -products with the collinear operators of O
(6)
n O
(i)
n¯ .
We found that there is only one such T -product of order λ5. It can be obtained with the
operator O(1,n) = χ¯n and reads
T
{
χ¯n,L(2,n)int
[
ξ¯cAc⊥A⊥ξ
]
,L(2,n)int [q¯A⊥ ξc]
}
∼ O(λ5), (4.75)
where the vertices L(2,n) are described in Eqs.(B.4) and (B.3).
The other T -products (4.74) scale as λ7. However combining the contributions of order
λ7 and λ5 we obtain the soft-collinear operators of order λ12 which are suppressed exactly
as the hard subleading contribution with O
(6)
n O
(6)
n¯ . Hence the T -products of order λ
7 must
be also considered.
Using various operator O(k,n) we find the following expressions of order λ7
T
{
χ¯n,L(2,n)int
[
ξ¯cAc⊥A⊥ξ
]
,L(4,n)int [q¯As⊥A⊥ξc]
}
, (4.76)
T
{
χ¯nA⊥,L(2,n)int [q¯A⊥ξc] ,L(3,n)int
[
ξ¯cAc⊥A
s
⊥ξ
]}
, (4.77)
T
{
χ¯cnA⊥,L(4,n)int
[
ξ¯cAc⊥A⊥q
]}
, (4.78)
T
{
χ¯cnAc⊥A⊥,L(2,n)int [q¯A⊥ξcn]
}
. (4.79)
One can obtain the soft-collinear operators of order λ10 combining the T -products
(4.54) and (4.74). Corresponding soft-collinear operators can not overlap with the hard
configurations because the collinear operators O
(4)
n and O
(6)
n¯ have different chiral structure.
Hence these contributions can appear only due to the soft-overlap mechanism. There is
only one possibility to obtain the such contribution at order λ10 using the combination of
T -products in Eq.(4.65) and Eq.(4.75)
T
{
χ¯n /An¯⊥χcn¯,L(2,n¯)int
[
ξ¯cA⊥q
]
,L(2,n)int
[
ξ¯cAc⊥A⊥ξ
]
,L(2,n)int [q¯A⊥ξc]
}
∼ O(λ10). (4.80)
This configuration can be described by the diagram in Fig.9(a). The operator O(k) =
χ¯n /An¯⊥χcn¯ is associated with the SCET-I operator O(3) in Eq.(4.67). We again obtain a
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correction which is suppressed by factor λ2 comparing to the leading-order contribution.
The soft convolution integral reads
Jn ∗ S ∗ Jn¯ ∼
∫
dk+
k2+
∫
dk−
k−
S(k+, k−), (4.81)
where the soft CF S(k+, k−) is defined as
S(k+, k−) =
∫
d(n¯ · x)eik+(n¯·x)
∫
d(n · y)e−ik−(n·y) 〈0| q¯(λn)q(ηn¯) |0〉 . (4.82)
The soft operator in Eq.(4.82) is chiral-odd and color singlet. One can easily see that
corresponding soft CF is boost invariant and therefore can be written as S(k+, k−) =
S(k+k−).Hence the corresponding soft integral in Eq.(4.81) is not invariant under boosts.
One can easily see that this integral is quite similar to the soft integral J1s in Eq.(3.17).
Hence the T -product in Eq.(4.80) describes the spurious integral and can be neglected. One
can expect that the soft contributions with the collinear operator O
(6)
n O
(4)
n¯ can be obtained
from at higher orders ∼ λ12. However we neglect such contributions and therefore we do
not consider such operators.
The most important soft-overlap contributions of order λ12 are described by the soft-
collinear operators with O
(6)
n O
(6)
n¯ collinear operator. Corresponding contributions can be
constructed from the T -products of λ5 in (4.75) and λ7 described in Eqs.(4.77) and (4.78)
T
{
χ¯n /An¯⊥χn¯, L(2,n¯)int
[
ξ¯cA⊥q
]
,L(3,n¯)int
[
ξ¯Ac⊥A
s
⊥ξ
c
]
,
L(2,n)int
[
ξ¯cAc⊥A⊥ξ
]
,L(2,n)int [q¯A⊥ξc]
}
∼ O(λ12), (4.83)
T
{
χ¯n /An¯⊥χcn¯, L(4,n¯)int
[
ξ¯cAc⊥A⊥q
]
,L(2,n)int
[
ξ¯cAc⊥A⊥ξ
]
,L(2,n)int [q¯A⊥ξc]
}
∼ O(λ12). (4.84)
Appropriate diagrams are shown in Fig.9 (b) and (c), respectively. Both diagrams describe
the suitable soft convolution integrals which have only the logarithmic singularities.
We can not find other contributions with the more complicate operators O(k) which
can provide the soft-overlap operator as in Eq.(4.66) at order λ12. Let us also observe that
all operators O(k) in Eqs.(4.83) and (4.84) are related to the leading SCET-I operator O(3)
in Eq.(4.67). Therefore corresponding soft-overlap contribution is described by the matrix
element of the SCET operator O(3) in Eq.(4.67). This matrix element also describes the
soft-collinear operators associated with other possible collinear configurations like O
(4)
n O
(4)
n¯ ,
O
(4)
n O
(6)
n¯ , O
(8)
n O
(4)
n¯ which we do not consider in this paper for simplicity.
4.3.3 The soft-overlap contributions with photon states
Some examples of the soft-overlap contributions with photons have been provided earlier,
see Fig.7. The specific feature of these configurations is that they are described by the
SCET-I operators associated with more that two light-like directions (three and four-jet
operators). As a result the analysis of such contributions is more complicate then the
corresponding analysis of the two-jet operators carried in the previous sections.
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In general, real photon has the nonperturbative component of the wave function and
therefore one can define the matrix element which defines the photon DA. The leading
twist DA is defined by the chiral-odd operator Ref.[45]
O(4)v = χ¯
c
v /¯vγTχ
c
v (4.85)
where, remind, the auxiliary light-like vectors are v and v¯ are defined in Eq.(4.9). The
γT denotes the suitable transverse projection.
6 The hard subleading contribution with the
nonperturbative photon can be associated with the following collinear operator
O(4)v O
(6)
n¯ O
(4)
n ∼ λ14, (4.86)
and the similar operators obtained by appropriate permutation of the collinear indices v, v¯
and n, n¯. In order to obtain the nontrivial matrix element we need at least two operators
with the chiral-even Dirac structure and therefore we need the subleading operator O
(6)
n¯
in Eq.(4.86). As a result this contribution suppressed as O(λ14) and therefore can be
neglected. If we use the twist-3 chiral-odd operator for description of the photon DA
O(6)v = χ¯
c
v /¯vAv⊥αχcv ∼ λ6. (4.87)
we also obtain the contribution of order λ14. Therefore the contribution of order λ12 can
only be obtained from the soft-overlap contributions as suggested in Fig.7 (b, c).
Appropriate SCET operators include the hard-collinear fields associated with the pho-
ton and pion momenta. The lowest order operators read
O(3)γ =
{
χ¯nγαAn¯β⊥χv, χ¯nγαAn¯β⊥χv¯, {n↔ n¯} , ...
}
, (4.88)
O(4)γγ = {χ¯vΓχv¯ χ¯nΓχn¯, ...} . (4.89)
where dots denote the other suitable combinations with similar field structure, the matrix
Γ denotes appropriate Dirac and color structures. From Fig.7 (b, c) one can observe that
only the operators O
(3)
γ have hard coefficient functions at leading order in αs.
Suppose that we consider a configuration where one of the photons interacts with the
soft quark, like in Fig.7 (b). Assume that the coupling of the collinear photon to the
hard-collinear and soft quarks can be described by the leading order SCET Lagrangian
L(2,v)int [ξ¯Bcq] = eeq
∫
d4x χ¯v /B
(v)
c q, (4.90)
where B
(v)
µc describes the collinear photon field. Inserting such contribution to the SCET
matrix element we obtain〈
p, p′
∣∣T {O(3)γ , . . . ,L(li,n)int ,L(2,v)int [ξ¯Bcq]} |q2〉
' eeqεν(q2)
∫
d4x e−i(q2x)
〈
p′, p
∣∣T {O(3)γ , . . . ,L(li,n)int , χ¯vγνT q} |0〉 , (4.91)
6This definition implies a choice v and v¯ as the basic light-like vectors.
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where dots denote the other SCET interactions. The external collinear photon state yields
the factor λ−2. Then inserting interaction (4.90) which is of order λ2 we compensate this
factor. Hence in order to estimate the relative order of the such contribution one needs to
estimate of the remaining set of the T -product in Eq.(4.91)
dim
{
O(k)γ , . . . ,L(li,n)int
}
∼ λ3+...+li . (4.92)
This allows one to compare this configuration with the two-jet contributions discussed in
the previous sections.
Each operator O
(3)
γ from the set in Eq.(4.88) consists of the three different hard-
collinear fields. As a result the SCET matrix element 〈p, p′|O(3)γ |γ〉 defines an amplitude
depending on the energy s and scattering angle θ. As a result in this case the hard
factorization does not allow one to get any restrictions on the structure of the amplitude.
The further analysis is the same as before: we need to find suitable T -products (4.45)
giving the required soft-collinear operators of order λ12 or smaller. In order to be specific we
consider O
(3)
γ = χ¯nγαAn¯β⊥χv. The construction of the soft-collinear operator can be done
in the same way as before combining the contributions from each hard-collinear sector.
In order to describe the electromagnetic interaction we use the subleading SCET vertex
(4.90). This yields
T{χv, χ¯vγνq} ' Jνv ∗ q. (4.93)
The appropriate T -products with the hard-collinear operator O1,n = χ¯n were already
discussed before, see Eqs.(4.60),(4.61) and (4.75). These terms provide the contributions
of order λ5
T{χ¯n, . . . } ' O(4,6)n ∗ Jn ∗ q¯ ∼ λ5. (4.94)
The only new element now is the T -product with the gluon field which must have the
following structure
T
{An¯β⊥} ' S¯ ∗ Jn¯ ∗O(i)n¯ . (4.95)
We find the following lowest order possibilities
T
{
An¯β⊥,L(2,n¯)int [q¯A⊥ξc] ,L(3,n¯)int
[
ξ¯cA⊥A⊥q
] } ' [q¯q] ∗ Jn¯ ∗O(4)n¯ ∼ λ6, (4.96)
T
{
An¯β⊥,L(1,n¯)int
[
ξ¯A⊥q
]
,L(2,n¯)int
[
ξ¯cAc⊥A⊥ξ
]
,L(2,n¯)int [q¯A⊥ξc]
}
' [q¯q] ∗ Jn¯ ∗O(6)n¯ ∼ λ6. (4.97)
Combining together the contributions in Eqs.(4.93)-(4.95) we obtain only two possible
soft-collinear operators of order λ12 as described in Eq.(4.92). These operators contain
O
(4)
n O
(4)
n¯ and O
(6)
n O
(6)
n¯ . We now focus on the term with the twist-3 collinear operators
O
(6)
n,n¯. Corresponding T -product is combined from Eqs. (4.75) and (4.97) that gives
dim
{
O(3)γ ,L(1,n¯)int ,L(2,n¯)int ,L(2,n¯)int ,L(2,n)int ,L(2,n)int
}
∼ λ12. (4.98)
The full T -product can be illustrated by the diagram in Fig.10 (a). Therefore from this
result we conclude that this contribution may also be relevant for description of the endpoint
singularities in hard term (4.28).
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a) b)
q2
q1
q2
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−k1
−k2
Figure 10. The diagrams illustrating the T -products of the operators O
(3)
γ and O
(4)
γγ . The four-
fermion vertices of the operator O
(4)
γγ in diagrams (b) and (c) are shown by two crossed circles
connected by red gluon line with index “h”.
The analysis of the operator O
(4)
γγ in Eq.(4.89) is quite similar. Using the same argu-
ments as before one can write〈
p, p′
∣∣T {O(k)γγ , . . . ,L(li,n)int ,L(2,v)int [ξ¯Bcq],L(2,v¯)int [ξ¯Bcq]} |q1, q2〉
' εµ(q1)εν(q2)
〈
p, p′
∣∣O(i)n ∗ Jn ∗ Jνv ∗OS ∗ Jµv¯ ∗ Jn¯ ∗O(j)n¯ |0〉 , (4.99)
where jet functions Ji describe the hard-collinear interactions associated with the different
light-cone vectors. Then the relative order of the corresponding contribution is defined by
the order of the
dim
{
O(4)γγ , . . . ,L(li,n)int
}
∼ λ4+...+li . (4.100)
The construction of the required T -products follows the same line as before. We use
expression (4.75) in order to convert the hard-collinear quark field to the required soft-
collinear combination. Combining the known T -products we obtain the contributions of
order λ12
dim
{
O(4)γγ ,L(2,n¯)int ,L(2,n¯)int ,L(2,n)int ,L(2,n)int
}
∼ λ12. (4.101)
Then the total expression in Eq.(4.99) can be described by diagrams shown in Fig.10 (b, c).
These diagrams describe the configurations when colliding photons interact with the same
or different quarks. Hence, at least formally, we again obtain the contributions which
can overlap with the hard configuration in Eq.(4.28) and therefore can be relevant for
description of the endpoint region.
However there are some observations which indicate that these T -product can describe
the spurious integrals similar to J1s in the toy model. Indeed, the configurations as in
Fig.10 (b) implies that the hard diagram with photons attached to the different spinor
lines can also produce the singular endpoint contributions. However from the calculation
in Sec.4.2 we obtain the different result: such diagrams provide the regular contributions
described by factors I(η), see Eq.(4.39). Next, the structure of the hard-collinear diagrams
in Fig.10 (a, b, c) is quite similar to diagram in Fig.9 (a) which vanishes. In addition,
the angular dependence of the photon soft-overlap contributions is not fixed by the hard
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subdiagram. The soft convolution integral also depends on θ and this can potentially
provide a more complicate function of θ than one in front of the singular integral Is in
Eq.(4.36). Therefore let us study these diagrams in detail.
The common feature of the photon soft-overlap contributions is related with the four-
quark soft CFs. For instance for the diagram in Fig.10 (a) the soft CF is given by the
matrix element (remind that we do not show explicitly the soft Wilson lines)
〈0| q¯(λ1n)Γ1q(η1n¯) q¯(η2n¯)Γ2q(σv) |0〉 , (4.102)
where matrices Γ1 ⊗ Γ2 describe Dirac and color structure. It is clear that this matrix
element describes a complicate soft CF. Our consideration can be simplified if we consider
the large-Nc limit [46, 47] for the diagrams in Fig.10. In this limit the soft gluon exchanges
between the soft quark field in the different loops (or between the different soft quark
“propagators” ) give always non-planar diagrams which are suppressed by 1/Nc comparing
to planar diagrams according to large-Nc counting rules [46, 47]. Therefore in the large-Nc
picture the soft matrix element in Eq.(4.102) simplifies and can be described as product of
the two-quark soft CFs. In case of diagram in Fig.10 (a) this gives
〈0| q¯(λ1n)Γ1q(η1n¯) q¯(η2n¯)Γ2q(σv) |0〉 ≈ 〈0| q¯(λ1n)q(η1n¯) |0〉 〈0| q¯(η2n¯)q(σv) |0〉 , (4.103)
where each two-quark CF is defined as in Eq.(4.82). In this case the corresponding soft
convolution integral reads
Jn ∗ S ∗ Jn¯ ∗ Jv ∼
∫ ∞
0
dk−2[−k−2 ]2
∫ ∞
0
d(k2 · v)
[−(k2 · v)] S(k
−
2 (k2v))
×
∫ ∞
0
dk+1[−k+1 ]2
∫ ∞
0
dk−1[
k−1 − k−2
] S(k+1 k−1 ), (4.104)
where momenta k1 and k2 can be associated with the momenta of the soft quarks in the
loops of diagram in Fig.10 (a). Each soft CF in Eq.(4.104) is invariant under longitudinal
boosts and therefore depends only on the products of the appropriate light-cone fractions.
Notice that the factorization of the soft CF (4.103) allows one to consider the longitudinal
integrals as independent and to compute them using different basis of the light-cone vectors
in each loop. In such situation one can consider different types of the longitudinal boosts in
each sector. In order to analyze these integrals let us introduce the two auxiliary regulators
τ+ and τ− which transforms as plus and minus components under longitudinal boosts.
Consider now the integrals over k±1 in Eq.(4.104).∫ ∞
0
dk+1[−k+1 − τ+]2
∫ ∞
0
dk−1
k−1 − k−2
S(k+1 k
−
1 ) (4.105)
=
∫ ∞
0
dk−1 S(k
−
1 )
∫ ∞
0
dk+1[−k+1 − τ+]2
1[
k−1 − k−2 k+1
] ∼ aτ−1+ + b k−2 , (4.106)
where a and b are some constants and k+i = (n · ki), k−i = (n¯ · ki). We observe that
the integral is power divergent providing ∼ τ−1+ . Computing two remaining integrals in
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Eq.(4.104) we obtain∫ ∞
0
dk−2[
k−2 + τ−
]2 ∫ ∞
0
d(k2 · v)
(k2 · v) S(k
−
2 (k2 · v))
[
aτ−1+ + b k
−
2
]
(4.107)
=
∫ ∞
0
d(k2 · v)
(k2 · v) S((k2 · v))
∫ ∞
0
dk−2
aτ−1+ + b k
−
2[
k−2 + τ−
]2 ∼ aτ+τ− + ... . (4.108)
Hence we obtain that the soft convolution integral obtained from the diagram in Fig.10 (a)
is power divergent and therefore vanishes. The similar consideration allows one to obtain
the same results for the two diagrams in Fig.10 (b, c). This allows us to conclude that the
T -products associated with diagrams in Fig.10 (a, b, c) describe the spurious contributions
at leading-order of 1/Nc expansion.
Consider now the hard contribution B0,h+− which has integral with the endpoint singu-
larities. At large-Nc limit it can be easily estimated using the Eq.(4.36)
B0,h+− ∼ f2piµ2pi αsCF /Nc ∼ f2piµ2pi/Nc.
The fictitious contributions of diagrams in Fig.10 (a, b, c) at large-Nc limit are of the same
order. Hence suppressed by 1/Nc configurations which were neglected in Eq.(4.104) are
irrelevant for the matching of the endpoint singularities of the amplitude B0,h+− in Eq.(4.36 ).
The subleading in 1/Nc configurations might be important for descriptions of the endpoint
singularities which only appear at the next-to-leading order in αs in the hard amplitudes
Bi,h+±, i.e. suppressed by 1/Nc contributions can be associated with the subleading loga-
rithms. In our analysis we will not consider such contributions. Let us also remind that
our conclusion is only valid for the chiral enhanced contributions.
The obtained conclusions can be verified by investigating the appropriate two-loop
QCD diagrams shown in Fig.10 (d, e) and using the expansion by momentum regions.
Within this technique one can see that the soft regions of these diagrams yield the SCET
diagrams in Fig.10 (a, b, c). The two-quark soft CFs in this case are described by integrals
from the propagators of the soft quarks with mass m which plays the role of the soft scale.
In order to be concrete let us consider the diagram Dd in Fig.10 (d) in such configu-
ration when the soft limit corresponds to the SCET diagram in Fig.10 (a). Expansion of
the corresponding QCD expression in the soft limit k1,2 ∼ m yields
Ds,sd ∼
∫
dk2
m[
k22 −m2
]
[−(v · k2)]
[−k−2 ]2
∫
dk1
m[
k21 −m2
] [−k+1 ]2 [k−1 − k−2 ] (4.109)
Notice that contribution of each soft quark propagator is given by chiral-odd term that
provides the mass factor m in the numerator. This expression reproduces the structure of
the integral in Eq.(4.104). Computing the soft integral (4.109) with the regulators τ± as
in Eqs.(4.105) and (4.107) we confirm the qualitative result obtained in Eq.(4.108).
In order to see the overlap of the collinear and soft regions one can also consider the
contributions from the collinear regions. The collinear contributions with k1 ∼ p′, k2 ∼ p
can be interpreted as the convolution of the tree level hard kernel with the one-loop collinear
matrix elements for which we assume the appropriate twist-3 projections. Taking the soft
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limit for collinear contributions and comparing with the soft contribution in Eq.(4.109) we
can see a possible overlap with the soft region. Following this line we find that the soft
limit of the collinear contributions does not match exactly the soft expression for these two
loop diagrams. The soft limit of the collinear contribution yields
D
n/s,n¯/s
d ∼
∫
dk1
m[
k21 −m2
] [−k+1 ]2 [k−1 ]
∫
dk2
m[
k22 −m2
] [−k−2 ]2 [−(v · k2)] , (4.110)
We see that the soft integrals in Eq.(4.110) are completely factorized. One immediately
see that each soft integral is similar to the spurious integral J1s in Eq.(3.17). Therefore
D
n/s,n¯/s
d = 0 and we do not have an overlap between the collinear and soft regions. In cases
when only one of the momenta k1 or k2 is taken to be soft one obtains D
n,n¯/s
d = D
n/s,n¯
d = 0
up to power suppressed contributions.
The analogous results are also valid for the second diagram Fig.10 (e) and for the
configurations associated with the diagrams in Fig.10 (a, b, c). Therefore we confirm that
in the perturbation theory the formal SCET T -products associated with the diagrams in
Fig.10 (a, b, c) also describe the inessential power divergent integrals.
One more possibility to obtain the photon soft-overlap contribution is provided by the
operators of order λ8
O(8)γ = χ¯vΓχn O
(6)
n¯ , . . . , (4.111)
where Γ denotes a chiral-odd Dirac matrix Γ = γ5, σγ5 and dots denote similar operators
with the different collinear labels. The appropriate contribution can be obtained combining
O(6)n
O
(6)
n¯
Figure 11. The SCET diagram describing the photon soft-overlap contribution in Eq(4.112). The
crossed circle denotes the hard-collinear SCET operator O
(8)
γ .
the T -product of order λ5 for the hard-collinear field χn, see Eq.(4.75), with the photon
interaction vertex L(2,v)int〈
p, p′
∣∣O(6)γ |q2〉 = 〈p, p′∣∣O(4)n¯ T {χ¯vγσχn,L(2,v)int [q¯B⊥ξv], ...} |q2〉
=
〈
p′
∣∣O(6)n¯ |0〉 ∗ Jn ∗OS ∗ Jv ∗ 〈p|O(6)n |0〉 ∼ λ8, (4.112)
In Fig.11 we show the SCET diagram generated by the T -product in Eq.(4.112). The
SCET vertices L(2,v)int and L(2,n)int describing the interaction with the soft quark fields restrict
the structure of the soft operator in the matrix element. This can be only chiral-odd op-
erator ∼ 〈0|q¯q|0〉. Then the hard-collinear diagram in Fig.11 has three chiral-odd vertices:
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hard-collinear vertex χ¯vΓχn, collinear operator O
(6)
n and the soft operator. As a result
this diagram generates a trace with odd number of the γ-matrices and this contribution
vanishes.
4.4 Summary of the SCET analysis
Let us briefly summarize the obtained results. We confirm the structure of leading power
contribution. It is only described by the hard contribution associated with the leading-twist
collinear operator O
(4)
n O
(4)
n¯ ∼ O(λ8) defined in Eq.(4.19).
The hard power suppressed contributions are described by suitable collinear operators
of order λ12. There are many appropriate collinear operators at this order. In order to sim-
plify our consideration we take into account only the specific chiral enhanced contributions
O
(6)
χnO
(6)
χn¯ associated with the twist-3 DA of pion, see Eq.(4.23) and discussion in Sec. 4.2.
The specific feature of this contribution is that corresponding DA is known exactly in QCD
and it is numerically enhanced comparing to other higher-twist corrections. However the
corresponding hard coefficient function has the endpoint singularities, see Eq.(4.36), that
can be explained by the overlap of collinear and soft regions. We expect that the endpoint
singularities must cancel in the sum of hard and a suitable soft-overlap contribution. In
SCET-II such soft-overlap contribution is described by a soft-collinear operator of order
λ12 which is constructed from the same collinear operators O
(6)
χnO
(6)
χn¯ and soft fields.
After hard factorization the soft-overlap contribution is described by a set of SCET-I
operators. We demonstrated that there is only one SCET-I operator which provides the
soft-collinear operator with required properties in SCET-II. Corresponding SCET-I oper-
ator O(3) is given in Eq.(4.67) and can be associated with the soft-overlap contribution
between the outgoing pions. We also obtain that more complicate soft-overlap configura-
tions with pion and photon states are power suppressed at least to a leading logarithmic
accuracy. This is enough in order to obtain a consistent description in our case.
These results allows us to write the following relatively simple formula
T {Jµ(x), Jν(0)} ' Hµν ∗O(4)n O(4)n¯
+ [Tµν ∗O(6)χnO(6)χn¯ ]reg + Cµν3 ∗ [O(3)]reg, (4.113)
where brackets [...]reg symbolically denote a specific regularization and subtractions scheme
which allow one to separate the collinear and soft modes. More detailed discussion of this
point will be presented below. Let us note that the hard convolution integral in the third
term on rhs of Eq.(4.113) is well defined and the corresponding convolution integral does
not depend on the specific regularization and therefore the coefficient function Cµν3 is shown
outside brackets [...]reg.
5 Calculation of the amplitude in the physical subtraction scheme
In this section we compute the hard coefficient function Cµν3 which appears in the soft-
overlap contribution in Eq.(4.113). Using this result we define the physical subtrac-
tion scheme which allows one to separate unambiguously the regularized contributions
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in Eq.(4.113) and to define the hard subleading in λ contribution without the endpoint sin-
gularities. Within this framework we obtain the well defined expressions for the physical
amplitudes which can be used for a phenomenological analysis.
5.1 The leading-order hard coefficient functions of the soft contribution
Let us clarify the arguments of fields in the required SCET operator O(3) (4.67). We assume
that the fields are multipole expanded in the position space. We define this operator as
O(3)(λ) = χ¯n(0)
(
/A(n)⊥ (λn¯) + /A(n¯)⊥ (λn)
)
χn¯(0), (5.1)
where hard-collinear fields χ¯n and A⊥ are defined in Eqs.(4.6) and (4.7). This operator
depends on the relative light-cone distance λ between the hard-collinear quark and gluon.
Performing the Fourier transformation with respect to λ one introduces the conjugate vari-
able τ which can be interpreted as a fraction of the total hard-collinear momentum carried
by gluon. It is convenient to introduce the following momentum space representation
A(n)µ (τ) =
∫
dλ
2pi
P ′+ e
−iλP ′+τA(n)µ (λn¯), (5.2)
where P ′ denote the momentum operator in the n-collinear sector. The similar expression
holds also for the A(n¯)µ . Using this compact notation one can define the matrix element
directly in the momentum space. Hence we define the SCET-I operator as
O(3)(τ) = χ¯n(0)
(
/A(n)⊥ (τ) + /A(n¯)⊥ (τ)
)
χn¯(0). (5.3)
The parametrization of the corresponding SCET-I matrix element can be defined as〈
pia(p), pib(p′)
∣∣∣O(3)(τ)∣∣∣ 0〉
SCET-I
= δab (4pifpi)
2 fpipi(τ, s), (5.4)
where, just for convenience, we used the dimensional factor (4pifpi)
2, in this section we also
do not write explicitly the regularization symbol [...]reg as in Eq.(4.113). The dimensionless
SCET amplitude fpipi(τ, s) depends from the collinear fraction τ and the total energy s
and from the factorization scale which is not shown for simplicity.7 The evolution of the
operators like O3(τ) has been studied in Refs.[51, 52].
In Eq.(5.4) we assume that the operator O3(τ) is the singlet in the flavor space
OB(τ) ∼ u¯u+ d¯d. (5.5)
The operator with isospin I = 1 cannot contribute in this case because of C-parity. This al-
lows one to conclude that such soft contribution is relevant only for the isoscalar amplitudes
B
(0)
+±. Therefore the factorization of the soft contributions can be written as
B
(0,s)
+± (s, θ) = (4pifpi)
2
∫ 1
0
dτ C
(0)
+±(s, θ, τ) fpipi(τ, s), (5.6)
7Let us emphasize in order to avoid misunderstanding that here we assume the factorization scale
associated with the factorization of hard modes while the additional regularization denoted as [...]reg is
introduced for a separation of the collinear and soft modes.
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−τ¯p′
τp′
p
Figure 12. The set of diagrams required for the matching of T-product of the electromagnetic
currents onto SCET-I operator O(3)(τ). We only show the diagrams for the case χ¯n /A(n¯)⊥ χn¯. The
crossed diagrams are not shown for simplicity. The diagrams describing the other configurations
are similar, we also used τ¯ ≡ 1− τ .
B
(3,s)
+± (s, θ) = O(αs). (5.7)
We see that the angular dependence of the soft amplitudes is defined by the hard subprocess
and therefore can be computed in perturbation theory.
In order to obtain tree level expressions for the coefficient functions C
(0)
+± one has to
compute the diagrams shown in Fig.12. The computation is quite standard therefore let
us provide the resulting expressions for the soft amplitudes
B
(0,s)
++ (s, θ) = − (e2u + e2d)
(4pifpi)
2
s
4
1− η2
∫ 1
0
dτ
τ
1− τ fpipi(τ, s), (5.8)
B
(0,s)
+− (s, θ) = − 2(e2u + e2d)
(4pifpi)
2
s
3− η2
1− η2
∫ 1
0
dτ fpipi(τ, s), (5.9)
where we again used notation η = cos θ. The both helicity amplitudes B
(0,s)
+± are defined
by the same SCET amplitude fpipi but through the different convolution integrals with
respect to τ . We also observe that the angular behavior (associated with the variable η)
in Eqs.(5.8) and (5.9) is different. For definiteness let us assume that the renormalization
scale in the amplitude fpipi is fixed to be large µF ' s.
The obtained expressions in Eqs.(5.8) and (5.9) demonstrate the one important prop-
erty: the angular behavior of the soft amplitudes is defined by the simple factors 1/(1−η2)
and (3 − η2)/(1 − η2) which are factorized from the convolution integrals over τ . This
allows one to define the following two SCET amplitudes as
Φ++(s) =
∫ 1
0
dτ
τ
1− τ fpipi(τ, s), Φ+−(s) =
∫ 1
0
dτ fpipi(τ, s). (5.10)
The factorization of the angular dependence from the convolution integrals in Eqs.(5.8) and
(5.9) provides a very important check of the suggested formalism. In this case the endpoint
singularities in the soft term (remind that they are regularized by the special regularization
denoted by [...]reg) and provided by the amplitudes Φ+±(s) which does not depend on the
scattering angle θ. On the other hand the compensation of the endpoint divergencies
between the hard and soft contributions in Eq.(4.113) requires a strong correlation of the
angular dependence in these contributions. This correlation can be used in order to define a
specific subtraction procedure of the endpoint singularities from the hard subleading term
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[Tµν ∗ O(6)χnO(6)χn¯ ]reg in Eq.(4.113) and therefore to obtain well defined expressions for the
physical amplitudes.
5.2 Subleading amplitude in the physical subtraction scheme
Combining the results for the hard subleading amplitudes (4.35)-(4.37) and for the soft
contributions (5.8)-(5.10) we obtain the following expressions
B
(0)
+−(s, θ) ' −2(e2u + e2d)
(4pifpi)
2
s
3− η2
1− η2 [Φ+−(s)]reg
+
αs
4pi
CF
Nc
(4pifpi)
2
s
µ2pi
s
[{
(e2u + e
2
d)
(3− η2)
(1− η2) Is +
2eued
(1− η2) I(η)
}]
reg
(5.11)
B
(0)
++(s, θ) ' −(e2u + e2d)
(4pifpi)
2
s
4
1− η2 [Φ++(s)]reg +
[〈p, p′|OnOn¯ ∗ T++|0〉]reg (θ, s),
(5.12)
B
(3)
++(s, θ) ' 0, (5.13)
B
(3)
+−(s, θ) ' B(3,h)+− (s, η) =
αs
4pi
CF
Nc
(4pifpi)
2
s
µ2pi
s
(eu − ed)2
(1− η2) I(η). (5.14)
The expression for the amplitude B
(0)
+− in Eq.(5.11) includes the divergent integral Is in
the hard contribution and therefore we use the specific regularization indicated by square
brackets. The same situation must take place in the expression in Eq.(5.12). However in
this case the endpoint singularities are related to a hard configuration which is not de-
scribed by the chiral enhanced contributions and therefore have not been computed in our
consideration. In order to emphasize this point we denoted in Eq.(5.12) the hard contribu-
tions as the matrix element [〈p, p′|OnOn¯ ∗ T++|0〉]reg. The amplitudes B(3)+± do not obtain
any soft-overlap contributions and therefore we do not need any special regularization in
this case.
In order to proceed further we must define explicitly the regularization and subtraction
scheme indicated as [...]reg. In order to solve this problem we are going to use the observa-
tion made in the previous section: the factorization of the angular dependent factors in the
expressions for the soft contributions. The definition of the subtraction scheme given below
is very close to the idea which was suggested in description of B-decays in Refs.[48, 49]
therefore we will also refer to this receipt as physical subtraction scheme. Consider for
instance the amplitude B
(0)
+−. Using that the amplitude Φ+− defined in Eq.(5.10) does not
depend on the scattering angle θ we can define it at some fixed angle as following expression
θ0 as
[Φ+−(s)]reg =
(
−10
9
(4pifpi)
2
s
3− η20
1− η20
)−1
×
(
B
(0)
+−(s, θ0)−
αs
4pi
(4pifpi)
2
s
µ2pi
s
4
3
[{
5
9
3− η20
1− η20
Is − 4
9
1
1− η20
I(η0)
}]
reg
)
(5.15)
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where η0 = cos θ0 and we also substituted Nc = 3, eu = 2/3, ed = −1/3 in order to simplify
the analytical expression. This equation defines the soft factor [Φ+−(s)]reg through the
physical amplitude B
(0)
+−(s, θ0) and the regularized hard contribution. The rhs in Eq.(5.15)
does not depend on the subtraction angle θ0 therefore the value θ0 can be fixed using
phenomenological arguments. It is clear that the best choice θ0 corresponds to a region
where our description is expected to be most accurate. In what follow we choose the value
θ0 = 90
o which is equidistant from the forward and backward regions. Then substituting
Eq.(5.15) into expression with arbitrary θ (5.11) and using θ0 = 90
o (η0 = 0) we obtain
B
(0)
+−(s, θ) =
1− η2/3
1− η2 B
(0)
+−(s, 90
o) + ∆
(0)
+−(s, η), (5.16)
with
∆
(0)
+−(s, η) =
αs
4pi
(4pifpi)
2
s
µ2pi
s
16
27
1
(1− η2)
{(
1− η
2
3
)
I(0)− I(η)
}
. (5.17)
From this result we observe that the divergent integral Is cancel. Formally this is the direct
consequence of the simple fact: the angular factor (3 − η2)/(1 − η2) in front of divergent
integral Is in Eq.(5.11) is exactly the same as in front of the soft amplitude Φ+−(s). Let
us stress that this coincidence is obtained from the two different matching calculations.
More generally, the singular terms on rhs of Eq.(5.16) enter only in the combination ∆
(0)
+−
and must cancel if our factorization formula (5.11) is complete, i.e. it describes the all
required configurations (or regions). Then the regularization [...] reg on rhs of Eq.(5.16)
can be omitted. Therefore the cancellation of the singular term Is in the expression (5.17)
can be considered as a direct confirmation of the SCET analysis carried out in Sec. 4.3.
Let us also remind, that the hard contribution ∆
(0)
+− in Eq.(5.17) is not complete and can
also include other contributions which are related to the different higher twist DAs.
Application of the same scheme for the amplitude B
(0)
++ yields
B
(0)
++(s, θ) '
B
(0)
++(s, 90
o)
1− η2 + ∆
(0)
++(s, η) ≈
B
(0)
++(s, 90
o)
1− η2 . (5.18)
where the hard correction ∆
(0)
++ is given by the appropriate combination of the contributions
[〈p, p′|OnOn¯ ∗ T++|0〉] (s, θ) ∼ αs described by the higher twist pion DAs associated with
the operators On and On¯. We neglected these terms assuming that their numerical values
are smaller comparing to the chiral enhanced corrections. In Eq.(5.18) we just indicate
this possible contribution for clarity.
Let us remind that in expressions given by Eqs.(5.16) and (5.18) we consider only
the power suppressed amplitudes B
(i)
+± as defined in Eq.(2.22). The physical subtractions
reorganize the formal expansions (5.11) and (5.12) in such way that the soft-overlap con-
tributions are accumulated in the power suppressed amplitudes B
(0)
+±(s, θ = 90o) which we
consider as nonpertubative quantities. The angular behavior of the power suppressed am-
plitudes B
(i)
+± in the Eqs.(5.16) and (5.18) is obtained from the hard coefficient functions
and therefore can be considered as a model independent result. The effect of the power
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Figure 13. The ratios of the hard subleading power amplitude to the leading power contribution.
The fist (second) line shows the plots for the BA(CZ)-model of pion DA.
suppressed hard contribution can be associated in our approximation with the corrections
described by ∆
(0)
+− and B
(3,h)
+− in Eqs.(5.18) and (5.14), respectively.
It is interesting to compare the hard leading-order contributions with the hard power
suppressed corrections. In Fig.13 we show the ratios of the ∆
(0)
+−/A
(0)
+− (left) and B
(3)
+−/A
(3)
+−
(right) as functions of cos θ for two different values of s. In order to compute these ratios
we used the leading twist pion DA defined by BA-set, see Eq.(2.33). The renormalization
scale µR for the running coupling and for the quark masses is fixed to be µR = 0.8W GeV.
The ratio ∆
(0)
+−/A
(0)
+− is relatively small (about few percent) and tends to zero when
cos θ → 0. This behavior is the consequence of the our subtraction scheme with subtractions
at θ0 = 90
o that ensures ∆
(0)
+−(s, η → 0)→ 0. Therefore we see that numerical effect from
the hard chiral enhanced power correction in the amplitude T
(0)
+− is very small. The result
for ratio B
(3)
+−/A
(3)
+− is different different. In this case the absolute vale of the subleading
amplitude is comparable to the leading one providing a larger numerical impact. Even at
s = 16GeV2 the effect from the chiral enhanced power correction is of order 40−50%. The
amplitudes B
(3)
+− and A
(3)
+− enter with opposite signs therefore the value of the combination
B
(3)
+− + A
(3)
+− is strongly reduced. Hence the effect of the chiral power correction for this
amplitude is numerically significant and must be taken into account.
For the CZ-model of the pion DA (µR = 1.3GeV) the relative value of the hard
subleading corrections is considerably smaller because the absolute value of the leading
contribution is considerably larger in this case. The results for the corresponding ratios
are shown in the bottom plots in Fig.13.
– 44 –
Summarizing, in (5.16) and (5.18) we provide the expressions for the power suppressed
amplitudes which depend on the two unknown functions B
(0)
+−(s, 90o) and B
(0)
++(s, 90
o) de-
scribing the soft-overlap contribution in the physical subtraction scheme. Now we can
combine these results with the leading-twist contributions A
(i)
+± in order to perform a phe-
nomenological analysis of the existing data.
6 Phenomenological analysis of BELLE data
The expressions for the cross sections can be written in the relatively simple form if we
present the total amplitudes in the following form
T
(0)
++(s, θ) = A
(0)
++(s, θ) +
1
1− η2B
(0)
++(s), (6.1)
T
(0)
+−(s, θ) = A
(0)
+−(s, θ) +
1− η2/3
1− η2 B
(0)
+−(s) + ∆
(0)
+−(s, η), (6.2)
T
(3)
++(s, θ) = A
(3)
++(s, θ), (6.3)
T
(3)
+−(s, θ) = A
(3)
+−(s, θ) +B
(3,h)
+− (s, θ) (6.4)
where η = cosθ and we used that the amplitude B
(3)
++ is small, see (5.13). The expressions
describing the leading power contributions A
(i)
+± are given in Eqs.(2.24)-(2.26). The hard
subleading amplitudes B
(3,h)
+− and ∆
(0)
+− can be fond in Eqs.(5.14) and (5.17), respectively.
In Eqs.(6.1) and (6.2) we used for the subleading amplitudes as given in Eqs.(5.16) and
(5.18). For the unknown soft-overlap contributions we introduced short notations
B
(0)
++(s, θ = 90
o) ≡ B(0)++(s), B(0)+−(s, θ = 90o) ≡ B(0)+−(s). (6.5)
Using equations (6.1)-(6.4) we can write expressions for the cross sections (2.20) and
(2.21) as following
dσpi
+pi−
d cos θ
=
piα2
16s

∣∣∣B(0)++∣∣∣2
(1− η2)2 +
(
1− η2/3
1− η2
)2 ∣∣∣B(0)+−∣∣∣2 + ∣∣∣A(0)++∣∣∣2 + ∣∣∣A(0)+− + ∆(0)+−∣∣∣2
+2A
(0)
++
Re[B
(0)
++]
1− η2 + 2
1− η2/3
1− η2
(
A
(0)
+− + ∆
(0)
+−
)
Re[B
(0)
+−]
)
, (6.6)
dσpi
0pi0
d cos θ
=
piα2
32s

∣∣∣B(0)++∣∣∣2
(1− η2)2 +
(
1− η2/3
1− η2
)2 ∣∣∣B(0)+−∣∣∣2 + ∣∣∣A(0)+− + ∆(0)+− +A(3)+− +B(3,h)+− ∣∣∣2
+2
1− η2/3
1− η2
(
A
(0)
+− + ∆
(0)
+− +A
(3)
+− +B
(3,h)
+−
)
Re[B
(0)
+−]
)
. (6.7)
In these expressions we used that all hard contributions A
(i)
+±, B
(3,h)
+− and ∆
(0)
+− are real and
therefore only the real parts Re[B
(0)
+±] appear in the interference.
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Using the known angular behavior of the cross sections in Eqs.(6.6) and (6.7) one can
try to describe BELLE data [5, 6] in the region W = 3 − 4GeV accepting the amplitudes
B
(0)
+± as free parameters. In the subsequent analysis we assume that the amplitudes B
(0)
+±
are dominated by real parts and
ImB
(0)
+±(s) ≈ 0. (6.8)
Then at fixed energy s we only have two unknown real parameters B
(0)
+±(s) in order to
describe the two differential cross sections.
The part of the nonperturbative input is given by the pion DA. In our numerical
estimates we will use two different models described in Eqs. (2.33) and (2.35) ( BA- and
CZ-model, respectively). The numerical results obtained with the other models defined in
Eqs.(2.32) and (2.34) are very close to one obtained with the BA-model.
At the beginning let us consider some qualitative properties of the cross sections de-
scribed by Eqs.(6.6),(6.7). These expressions allows one to confront the theoretical predic-
tions for the angular behavior at fixed energy s against the data. The angular behavior
is described by the known coefficients in front of the soft amplitudes B
(0)
+±(s) and by the
different hard amplitudes.
Let us consider a soft approximation obtained neglecting the all hard contributions in
Eqs.(6.6) and (6.7). Then the cross sections are described only by the quadratical terms
|B(0)++|2 and |B(0)+−|2. Their coefficients differ by relatively small factor
(
η2/3
)
/(1 − η2)2
and therefore we can conclude that such “soft” cross sections behave as approximately as
(1− η2)−2. From Eqs.(6.6) and (6.7) it is easily to see that the ratio of the cross sections
in this case is fixed [
dσpi
0pi0
d cos θ
/
dσpi
+pi−
d cos θ
]
soft
=
1
2
. (6.9)
The deviation from this value in the present formalism can be explained only by the
presence of the interference of the computed hard contributions A
(i)
+±, B
(3,h)
+− with the
unknown soft amplitudes B
(0)
+±(s, 0).
Therefore relatively small deviation from 1/(1− η2) behavior can only be visible if the
value of the amplitude B
(0)
+− is quite large.
The linear in B+± terms in Eqs.(6.6),(6.7) can also provide a significant numerical
effect. Let us consider their behavior in cos θ. From Eq.(2.24) one finds that A
(0)
++ ∼
1/(1−η2). The combination (1−η2/3)
(
A
(0)
+− + ∆
(0)
+−
)
which inter in Eq.(6.6) also behaves
as 1/(1− η2). In Fig.14 we plot the corresponding linear term
ρ+−(s, η) = (1− η2/3)
(
A
(0)
+−(s, η) + ∆
(0)
+−(s, η)
)
, (6.10)
and the approximation which is given by
ρ˜+−(s, η) ' ρ+−(s, 0)
1− η2 . (6.11)
at fixed W = 3GeV. From this figure one can see that the difference between the two
expressions is quite small for all models of pion DA. This picture is not changed in the
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Figure 14. The linear coefficients ρ+− defined in Eq.(6.10) (left figure) and λ+− defined in
Eq.(6.13) (right figure) as a functions of η = cos θ at fixed energy W = 3GeV. The exact val-
ues of these coefficients are shown by solid black lines. The approximations ρ˜+− (6.11) and λ˜+−
(6.14) are given by dashed red lines. For the numerical calculations of the amplitudes we used the
same input parameters as in Figs.13
region where W = 3− 4GeV. Therefore to a very good accuracy one can expect that
dσpi
+pi−
d cos θ
∼ 1
(1− η2)2 . (6.12)
This simple observation allows us to conclude that one can not perform a good extraction
of the two amplitudes B
(0)
+± by fitting the differential cross section dσpi
+pi−/d cos θ .
The qualitative observation (6.12) is in agreement with experimental data [5]. The
behavior of the cross section as in Eq.(6.12) was also obtained in handbag model approach
Ref.[17]. However within this framework B
(i)
++ = 0 that is not agree with the our result in
Eq.(6.6).
The linear (with respect to B
(0)
+±) contribution in the cross sections for neutral pions in
Eq.(6.7) depends only from the amplitude B
(0)
+−. The corresponding hard coefficients reads
λ+−(s, η) = A
(0)
+−(s, η) + ∆
(0)
+−(s, η) +A
(3)
+−(s, η) +B
(3,h)
+− (s, η). (6.13)
The angular behavior of this expression deviates from a simple behavior like (1−η2)−1. In
Fig.14 we show the exact value λ+−(s, η) in comparison with the approximation
λ˜+−(s, η) =
λ+−(s, 0)
(1− η2) . (6.14)
We observe that in this case the deviation from the profile 1/(1− η2) reaches 30% for the
CZ-model. Therefore if the absolute value of the amplitude B
(0)
+− is relatively large then
the corresponding linear term in the cross section can already provide a sizable numerical
effect. In this case the separation of the two amplitudes using the angular behavior can be
performed in a better way.
The boundary value ηmax = 0.6 in the energy interval W = 3 − 4 GeV corresponds
to the values of |t| = |u| = 1.8 − 3.2 GeV2. Such values of t and u are still far from the
asymptotic domain and we can not exclude a substantial numerical corrections associated
with the different subleading contributions. Therefore we admit that our description can
be less accurate in the region η ∼ 0.6 for W = 3− 4 GeV.
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6.1 Phenomenological analysis using model-II for pion DA
We start our phenomenological analysis using the pion DA defined by set-II, see Eq.(2.33).
The value of the hard scale is fixed to be µR = 0.8W . This scale is used in order to compute
the running coupling αs(µR), the moments a2n(µR) and quark masses in expression for µpi
in Eq.(A.4).
In order to see an effect from the subleading corrections let us consider numerical
values of different contributions in the cross sections. Taking W = 3.05GeV, cos θ = 0.05
we obtain (
dσpi
+pi−
d cos θ
)
LT
= 0.0283,
(
dσpi
+pi−
d cos θ
)
exp
= 0.312± 0.039, (6.15)(
dσpi
0pi0
d cos θ
)
LT
= 0.0014,
(
dσpi
0pi0
d cos θ
)
exp
= 0.078± 0.025, (6.16)
dσpi
+pi−
d cos θ
= 0.879|B(0)++|2 + 0.878|B(0)+−|2 − 0.259B(0)++ − 0.180B(0)+− + 0.0283, (6.17)
dσpi
0pi0
d cos θ
= 0.440|B(0)++|2 + 0.439|B(0)+−|2 − 0.083B(0)+− + 0.004. (6.18)
Here the subscript “LT” denotes the leading-twist approximation. For comparison we also
show in Eqs.(6.15) and (6.16) the experimental values from Refs.[5, 6].
Comparing Eqs.(6.16) and (6.18) in the limit B
(0)
+pm = 0 one can see that the hard
subleading contribution B
(3,h)
+− provides a large numerical contribution ( pi0pi0 channel).
However the absolute value of this correction is still very small in order to obtain the
experimental value in Eq.(6.16). This observation is also valid for other values of the
scattering angle θ. Hence we conclude that the data can be described only if the soft
amplitudes B
(0)
+± are quite large.
If our description of the angular behavior is consistent with the data then we can
determine the values of the amplitudes B
(0)
+±. In Figs. 15 and 16 we present our results for
the fit of the BELLE data [5, 6] for charged and neutral pions, respectively. The results
of the two-parameter fit of both data sets are shown in Figs.15 and 16 by dashed lines.
In Table 1 we present the numerical values of the amplitudes B
(0)
+± in for each energy
W . The data for pi0pi0 production in the region W = 3.3 − 3.6GeV have a gap because
of charmonium production. In this region we can not perform the two-parameter fit of
the amplitudes B
(0)
+± and therefore corresponding values can not be obtained using this
method. We obtain that in the region W = 3.05 − 3.65GeV the absolute value of B(0)+−
is quite small. The angular separation of the amplitudes cannot be done accurately in
this case and this leads to large errors for B
(0)
+−. It demonstrates that application of the
expressions in Eqs.(6.6) and (6.7) for the fit of the data does not allow one to determine
the unknown amplitudes with a reasonable accuracy without some additional information.
The result of the two-parameter fit allow us to conclude that |B(0)++|  |B(0)+−|. For
larger values of energy W ≥ 3.75GeV the values of B(0)+− in Table 1 are already quite large
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Table 1. The values of the amplitudes B
(0)
+±(s) obtained from the two-parameter fit of the cross
sections provided by BELLE collaboration [5, 6]. The reduced values of χ2 are computed with
dof= 16.
W , GeV B
(0)
++(s, 0) B
(0)
+−(s, 0) χ2/dof
3.05 −0.47± 0.16 0.068± 2.96 2.32
3.15 −0.44± 0.17 0.057± 2.68 1.89
3.65 −0.260± 0.34 −0.003± 1.7 0.98
3.75 −0.22± 0.21 −0.1± 0.38 1.28
3.85 −0.17± 0.12 0.25± 0.14 0.67
3.95 −0.18± 0.11 0.15± 0.26 0.58
Table 2. Results for the amplitude B
(0)
++(s) obtained from the one-parameter fit of BELLE data
[5] for charged pions.
W, GeV 3.05 3.15 3.25 3.35 3.45
B
(0)
++(s, 0) −0.48±0.02 −0.44±0.02 −0.39±0.02 −0.35±0.03 −0.30±0.03
χ2/dof 1.5 2.3 2.5 2.0 1.8
W, GeV 3.55 3.65 3.75 3.85 3.95 4.05
B
(0)
++(s, 0) −0.27±0.03 −0.29±0.04 −0.27±0.03 −0.23±0.03 −0.20±0.03 −0.15±0.04
χ2/dof 1.9 0.8 0.8 0.8 0.4 3.6
but the error bars are also large. Guided by these observations we consider a simple model
assuming
B
(0)
+− ' 0. (6.19)
In this case one can perform a more simple one-parameter fit of the data for charged pion
in order to define the values of B
(0)
++. Then these values can be used for computation of
the cross section for neutral pions. Comparison of the cross section with the data allows
one to check the consistency of the model. The obtained results are also shown in Figs. 15
and 16 by solid line. We observe that the difference between one- and two-parameter fits
in this case is small.
In Table 2 we present the results for the values B
(0)
++ defined by the one-parameter fit.
One can see that the quality of the fit is much better. Such fit has better χ2 and obtained
values have relatively small error bars. However this estimates are no longer unbiased
and the small error bars can also arise due to the effect of underfitting8. Nevertheless we
consider this this model is interesting providing a simple scenario which is consistent with
the data.
8The author thanks to M.Distler for the discussion of this moment.
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Figure 15. Results of the fit for the charged pion cross section, see discussion in the text. The
data are results from BELLE [5].
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Figure 16. Results of the fit for the neutral pion cross section, see discussion in the text. The
data are taken from Ref.[6].
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Figure 17. The amplitude B
(0)
++(s, 0) as a function of energy s.
Substituting the values B
(0)
++ = −0.48, B(0)+− = 0 in Eq. (6.17) we obtain
dσpi
+pi−
d cos θ
(3.05GeV, cos θ = 0.05) = 0.879|B(0)++|2 − 0.259B(0)++ + 0.0283 (6.20)
= 0.19B2++ + 0.12B++ + 0.0283 ' 0.34, (6.21)
where the subscripts indicate the corresponding contribution in the upper line. We observe
that the interference contribution (linear in B
(0)
++) provides quite sizable numerical effect
of order 30%. The similar calculation for the neutral channel yields
dσpi
0pi0
d cos θ
= 0.440|B(0)++|2 + 0.004 = 0.096 + 0.004 = 0.1. (6.22)
In this case the interference depends only from the small amplitude B
(0)
+− and therefore
corresponding numerical effect is negligible. Hence we conclude that the sizable deviation
from the simple value 1/2 for the cross section ratio (6.9) can be only obtained due to the
linear contribution with the amplitude B
(0)
++ in Eq.(6.6).
Performing an empirical power fit of results in Table 2 we obtain
B
(0)
++(s, 0) =
(s0
s
)a
, with s0 = 6.0± 0.3, a = 1.7± 0.15. (6.23)
This result is shown in Fig.17. Using SCET framework we obtained in Sec.4 that this
amplitude is suppressed in the limit s → ∞ as B(0)++(s)∼Λ4/s2. The obtained empirical
value of the power exponent a is smaller but not far from this expectation. The large value
of the effective scale s0 in Eq.(6.23) is necessary in order to have a large normalization of
the cross section. We expect the nonperturbative dynamical scale defining the behavior of
the amplitude B
(0)
++(s) is the hard-collinear scale µhc ∼ ΛQ where Λ can be interpreted as a
typical value of soft particles momenta. We can rewrite the empirical formula in Eq.(6.23)
as B
(0)
++(s, 0) =
(
s′0
ΛW
)2a
where W ≡ √s. Taking Λ ' 300 − 400MeV we obtain that the
value of the intrinsic scale is s′0 = Λ
√
s0 ' 0.73− 0.98 GeV2.
Eq. (6.23) for B
(0)
++(s) allows one one to compute the total cross sections and their
ratio. Corresponding results are are shown in Figs. 18 and 19. From Fig. 18 it is seen that
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Figure 18. The total cross sections as a functions of energy.
σ
[π
0
π
0
]/
σ
[π
+
π
- ]
0.1
0.2
0.3
0.4
0.5
0.6
s, GeV
3.0 3.2 3.4 3.6 3.8 4.0
Figure 19. The ratio of the cross sections σpi
0pi0
tot /σ
pi+pi−
tot as a function of the energy. The data are
taken from Ref.[6] . The dashed line shows the experimental fit with 1σ error bands. The solid line
shows the computed ratio with the 1σ error bands.
obtained σpi
0pi0
tot is somewhat smaller than the experimental values. As a result the ratio
(solid line in Fig.19) slightly decreases for larger energy W . The gray area around the solid
line shows 1σ bands obtained from the errors of the parameters s0 and a in Eq.(6.23). The
fit of the experimental data yields R = 0.32 ± 0.03 [6].9 In Fig.19 this result is shown by
dashed line with 1σ error bands.
6.2 Phenomenological analysis using CZ-model of pion DA
Using CZ-model defined in Eq.(2.35) and fixing a small value of the renormalization scale
µR = 1.3GeV one obtains a larger contribution from the leading-twist part. In that case
the numerical values of the differential cross sections at W = 3.05 GeV and cos θ = 0.05
9The results in the region W = 3.3 − 3.6 GeV (plotted with open triangles) are not used for the fit in
Ref[6].
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read (c.f. with the corresponding Eqs.(6.15)-(6.18))(
dσpi
+pi−
d cos θ
)
LT
= 0.18,
(
dσpi
+pi−
d cos θ
)
exp
= 0.312± 0.039, (6.24)(
dσpi
0pi0
d cos θ
)
LT
= 0.009,
(
dσpi
0pi0
d cos θ
)
exp
= 0.078± 0.025, (6.25)
dσpi
+pi−
d cos θ
= 0.88|B(0)++|2 + 0.88|B(0)+−|2 − 0.65B(0)++ − 0.45B(0)+− + 0.18. (6.26)
dσpi
0pi0
d cos θ
= 0.44|B(0)++|2 + 0.44|B(0)+−|2 − 0.16B(0)+− + 0.014. (6.27)
In this case the quality of the two-parameter fit is better: the obtained error bars are
smaller. The results for the differential cross sections are shown in Fig.20 and the numerical
values of the amplitudes for the different energies W are summarized in Table 3. One can
see that in this case the solution is given by large B
(0)
+− and relatively small B
(0)
++. The
coefficient of the linear contribution λ+− defined in (6.13) is quite large and therefore the
angular separation works better that explains the better results of the two-parameter fit.
The results are presented in Fig.20. The power fit of the obtained points yields
B
(0)
++(s) =
(s0
s
)a
, with s0 = 5.8± 1GeV2, a = 3.4± 1.2, (6.28)
B
(0)
+−(s) = −
(s1
s
)b
, with s1 = 6.1± 0.5GeV2, b = 1.2± 0.15. (6.29)
Corresponding figures with 1σ error bands are shown in Fig.21. The absolute value of
Table 3. The amplitudes B
(0)
+±(s) obtained from the two-parameter fit of BELLE data [5, 6] with
CZ-model of pion DA (dof=16).
W, GeV 3.05 3.15 3.65 3.75 3.85 3.95
B
(0)
++(s, 0) −0.20±0.03 −0.15±0.03 −0.09±0.05 −0.06±0.04 −0.02±0.04 −0.017±0.046
B
(0)
+−(s, 0) 0.59±0.03 0.59±0.03 0.36±0.04 0.37±0.04 0.37±0.03 0.31±0.04
χ2/dof 2.7 2.2 0.94 1.3 0.7 0.60
B
(0)
++ is smaller comparing to B
(0)
+− and much stronger suppressed with the energy s. The
power behavior of the dominant amplitude B
(0)
+− is much smaller than the asymptotic
prediction ∼ 1/s2. An attempt to apply the one-parameter model with B(0)++ ' 0 gives a
bad description indicating that B
(0)
++ can not be neglected for the whole energy interval.
The total cross sections and their ratio are shown in Figs. 22 and 23. All notations and
the error bands are the same as in Figs.18 and 19, respectively.
In case of CZ-model one also needs to take into account the numerical effect provided by
the the linear contributions with the amplitudes B
(0)
+± in Eqs.(6.6) and (6.7). Substituting
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the numerical values for the amplitude in Eqs.(6.26) and (6.27) we obtain (W = 3.05GeV
and cos θ = 0.05)
dσpi
+pi−
d cos θ
= 0.035B2++ + 0.3B2+− + 0.13B++ − 0.26B+− + 0.18 = 0.38, (6.30)
dσpi
0pi0
d cos θ
= 0.018B2++ + 0.15B2+− − 0.09B+− + 0.014 = 0.09. (6.31)
Here the subscripts again show the numerical contribution of the appropriate quadratical
or linear terms in Eq’s.(6.26) and (6.27). Numerical values in (6.30) and (6.31) demonstrate
that all terms are significant for description of the cross sections.
We observe that it is possible to fit the data using very different models of pion DA.
Hence our consideration shows that our approach cannot help to constrain pion DA and
as a result we can obtain different solutions for the amplitudes B
(0)
+±. In this case one
needs more information in order to constrain the input parameters. Potentially a precise
measurement of the cross section e+e− → e+e−pipi with unpolarized electron beams allows
one to obtain more information about the amplitudes of the hadronic subprocess.
The corresponding cross section is described by the two contributions, see the details
in Ref.[56]. Schematically the expression for the cross section reads
dσe
+e−→e+e−pipi =
{
A
1
2
(
σγγ→pipi‖ + σ
γγ→pipi
⊥
)
+B
(
σγγ→pipi‖ − σγγ→pipi⊥
)
cos 2ϕ
}
d3p′1
E1
d3p′2
E1
,
(6.32)
where the σγγ→pipi‖,⊥ denotes cross sections for the scattering of photons with the parallel
(σ‖) and orthogonal (σ⊥) linear polarizations. Here the coefficients A and B denote the
functions of the kinematical variables and their explicit expressions can be found in Ref.[56].
The azimuth angle ϕ is defined as the angle between the electron scattering planes in the
colliding electron c.m.s., Ei and p
′
i denote the scattered electron energies and momenta. In
the present work we only investigated the first combination of the cross sections which is
proportional to the sum of the helicity amplitudes:
σγγ→pipi‖ + σ
γγ→pipi
⊥ ∼ |T γγ→pipi++ |2 + |T γγ→pipi+− |2. (6.33)
Using the angular dependence given by the factor cos 2ϕ one can also access the second
contribution which is sensitive to the difference of the cross sections in Eq.(6.32). This
combination is proportional only to the one helicity amplitude
σγγ→pipi‖ − σγγ→pipi⊥ ∼ |T γγ→pipi++ |2. (6.34)
Hence such data can provide an additional information which allows one to perform a
better separation of the helicity amplitudes and to perform extraction of the soft-overlap
form factors B(0)+±(s).
In our consideration the values of the amplitudes B
(0)
+±(s) depends on the model of pion
DA. For model defined by set-II we obtain that |T γγ→pipi++ |  |T γγ→pipi+− | and contrariwise for
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the CZ-model. The consideration within the handbag model in Ref.[17] predicts T γγ→pipi++ '
0.
Our estimations of the cross section σ‖ − σ⊥ at W = 3.05GeV are shown in Fig.24.
We consider two different scenarios associated with the two different models of pion DA
as discussed above. In order to draw these plots we use and the values B
(0)
++(s) obtained
in Tables 2 and 3. The shaded area shows the 1σ error bands which corresponds to the
uncertainties in the determination of B
(0)
++(s). From this figure we see that the difference
between the two calculations is not very large. Hence one needs precise data in order to
distinguish between the different scenarios. Nevertheless we expect that new data for the
cross sections σγγ→pipi‖ − σγγ→pipi⊥ can be very helpful in order to understand the reaction
mechanism of the large angle pion production at intermediate values of the energy and
momentum transfer.
7 Discussion
We have discussed a contribution of the subleading power corrections in the process γγ →
pipi in the region where all Mandelstam variables are large s ∼ −t ∼ −u Λ2 (large angle
scattering). The leading power behavior of the corresponding amplitude is described by
the hard scattering mechanism suggested in Ref.[1]. The factorization of power suppressed
corrections can be described as a sum of the hard and soft-overlap contributions. We
develop a systematic approach for description of such configurations within the SCET
framework.
Factorizing the hard modes in SCET we obtain that the soft-overlap contribution can
be described by matrix elements of suitable SCET-I operators. We present an analysis
of the appropriate SCET-I operators which are required for description 1/Q2 corrections
to the leading power approximation. We demonstrate that the T -products of the SCET-I
operators mix in SCET-II with the pure collinear operators describing hard subleading
contributions. Such mixing is possible due to an overlap of collinear and soft domains and
leads to the endpoint singularities in soft and collinear convolution integrals. In order to
factorize consistently the hard and soft-overlap contributions one has to define a specific
regularization which allows one to define the integrals in the endpoint region. In present
case such scheme can be avoided if one uses the so-called physical subtraction scheme.
The subleading hard contributions are described by the matrix elements of the different
higher twist collinear operators. All such contributions provide the power correction of
order 1/s2. In present work we took into account only the specific twist-3 collinear operators
which can provide the largest numerical corrections. Such terms are described by the two-
particle operators and known as chiral enhanced corrections. Such approximation also
allows us to simplify the theoretical consideration.
We compute the corresponding leading-order hard kernels and obtain that the hard
amplitudes have the endpoint singularities. Therefore in order to be consistent we must
add the SCET-I operators which can overlap with this subleading hard contribution. We
obtain that such contribution can be only described by one suitable hard-collinear opera-
tor. Corresponding SCET-I matrix element defines the one soft-overlap amplitude which
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depends only from the total energy s. The angular dependence in this case is given by
the hard subprocess. Combining the hard and soft-overlap contributions we show that
the endpoint singularities are cancel in the physical subtraction scheme. This allows us to
compute the angular dependence of the amplitudes in a model independent way.
The final expression for the power suppressed amplitude depends on the two unknown
amplitudes B0+±(s) which are some functions of the total energy s. These amplitudes are
defined by subprocess associated with the hard-collinear scale µhc ∼ Λ
√
s where the soft
scale Λ is of order of the typical momenta of soft particles. The hard-collinear scale is still
small in the kinematical region
√
s = 3 − 4GeV where we have data and we consider the
amplitudes B0+±(s) as the nonperturbative quantities.
The obtained results have been used in order to perform a phenomenological analysis
of existing data. We obtain that to a very good accuracy the angular behavior of the
cross section for the production of charged pions is proportional to the sin−4 θ that is
in the reasonable agreement with the data. This allows us to fix the nonperturbative
functions B0+±(s) by fitting the differential cross sections in the region
√
s = 3− 4GVe and
| cos θ| < 0.6. Combining the leading and subleading amplitudes we obtain a reasonable
description of the cross sections and their ratio R = dσpi
0pi0/dσpi
+pi− .
We find that the results for the functions B
(0)
+±(s) are sensitive to the models of pion
distribution amplitude used in the numerical calculations. For the CZ-model the best fit is
obtained if |B(0)+−(s, 0)|  |B(0)++(s, 0)|. For the other models the angular separation of the
amplitudes B
(0)
+±(s) can not be performed with a good precision indicating the qualitative
estimate |B(0)++(s)|  |B(0)+−(s)|. Following this observation we consider the model with
B
(0)
+−(s) ≈ 0. We find that in this case the data can be described quite well.
We expect that additional experimental information can help us to reduce the model
dependence in the phenomenological analysis. More accurate data, especially for larger
values of energy s will be very helpful but one has to remember that our description so
far is also restricted only by the leading-order accuracy in αs. The other possibility to
improve the phenomenological analysis is to consider an additional observable which is
sensitive to a different combination of the helicity amplitudes. A required cross section
can also be measured in the process e+e− → e+e−pipi using the modulation with respect
to a angle between the electron scattering planes in the colliding electron c.m.s., see e.g.
Ref.[56]. In this case one can can access the combination σγγ→pipi‖ − σγγ→pipi⊥ ∼ |T γγ→pipi++ |2,
where the σγγ→pipi‖,⊥ denotes cross sections for the scattering of photons with parallel (σ‖)
and orthogonal (σ⊥) linear polarizations. This observable is only sensitive to the amplitude
B
(0)
++(s) that allows one to perform an accurate extraction of the amplitudes B
(0)
+±(s). We
expect that this will be very helpful for understanding of the dominant mechanism in the
large angle meson production.
A Higher twist distribution amplitudes
For convenience in this Appendix we briefly discuss higher twist pion distribution ampli-
tudes. More detailed discussion can be fond in Ref.[50]. Below we present a standard QCD
formulation. In order to obtain the equivalent SCET description one has to split the quark
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fields into large ξn and small ηn components and use the equation of motion in order to
eliminate the field ηn. A discussion of the some higher twist collinear matrix elements in
the SCET framework can be found in Ref.[44].
In the QCD formulation there are three twist-3 collinear operators. Two of them are
2-particle operators and their light-cone matrix elements are defined as
〈
p′
∣∣ q¯(λ1n¯)Wn(λ1n¯)iγ5W †n(λ1n¯)q(λ2n¯) |0〉 = fpiµpi ∫ 1
0
du eiuλ1p
′
−+iu¯λ2p
′
− φp(u), (A.1)
〈
p′
∣∣ q¯(λ1n¯)Wn(λ1n¯)σαβγ5W †n(λ2n¯)q(λ2n¯) |0〉 = i fpiµpi (pαzβ − pβzα) (A.2)∫ 1
0
du eiuλ1p
′
−+iu¯λ2p
′
−
φσ(u)
6
, (A.3)
with zα = (λ1 − λ2)n¯α, p′− ≡ (p′ · n¯) and
µpi =
m2pi
mu +md
, p′ ' p′−
n¯
2
. (A.4)
For the sum of the quark masses we use following estimate
(mu +md)(2GeV) = 8.5MeV. (A.5)
There is only one twist-3 three-particle operator and its matrix element defines the three-
particle DA φ3pi(αi)〈
pi+(p′)
∣∣ u¯(λn¯)σn¯α⊥γ5 gGn¯α⊥(vλn¯)d(−λn¯) |0〉 = if3pip′2− 2 ∫ Dαi eiλp′−(αu−αd+vαg)φ3pi(αi),
(A.6)
Here Dαi = dαudαddαgδ(αu + αd + αg − 1), Gn¯α⊥ = Gµα⊥ n¯µ. Using QCD equations
of motion one can show ( see details in Refs.[50, 55]) that 2-particles DAs φp,σ can be
presented as
φp(u) = 1 +R Vp(u, αi) ∗ φ3pi(αi), (A.7)
φσ(u) = 6uu¯+R Vσ(u, αi) ∗ φ3pi(αi), (A.8)
where Vp,σ denotes a certain dimensionless kernel, the asterisks denote the convolution
integrals with respect to the fractions αi and R = f3pi/fpiµpi ' 0.014 [50, 55]. One can
assume that corrections associated with the admixture φ3pi in Eqs.(A.7) and (A.8) are
relatively small because the factor R is numerically small comparing to the constant µpi
defined in Eq.(A.4). Therefore neglecting the 3-particle contributions with φ3pi in Eqs.
(A.7) and (A.8) one finds
φp(u) ' 1, φσ(u) ' 6uu¯. (A.9)
The discussion of the twist-3 matrix elements within the SCET framework can also be
found in Ref.[44].
The twist-4 operators can be divided on the following groups: two-, three- and four-
particle operators. The two-particles operator are not independent and can be expressed
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through the other DAs, see Ref.[50]. In phenomenological applications the four-particle
twist-4 contributions are assumed to be small and as a rule neglected. Following to Ref.[50]
one can define four three-particle DAs of twist four (for simplicity we do not write the
collinear Wilson lines Wn)〈
pi+(p′)
∣∣ u¯(λn¯)γα⊥γ5 gGα⊥n¯(vλn¯) d(−λn¯) |0〉 = 2fpim2pip′− A⊥(v, λp′−), (A.10)〈
pi+(p′)
∣∣ u¯(λn¯)γα⊥ gG˜α⊥n¯(vλn¯) d(−λn¯) |0〉 = 2fpim2pip′−V⊥(v, λp′−), (A.11)〈
pi+(p′)
∣∣ u¯(λn¯)/¯nγ5 gGn¯n(vλn¯) d(−λn¯) |0〉 = fpim2pip′− A‖(v, λp′−), (A.12)〈
pi+(p′)
∣∣ u¯(λn¯)/¯ngG˜n¯n(vλn¯) d(−λn¯) |0〉 = fpim2pip′−V‖(v, λp′−), (A.13)
with the
{Vi, Ai} (v, λp′−) =
∫
Dαi eiλp′−(αu−αd+vαg) {Vi, Ai} (αi). (A.14)
and we used
G˜αβ =
1
2
εαβµνG
µν . (A.15)
We will not describe in detail the structure of these DAs because we neglect corresponding
contributions in the our calculations.
B The list of SCET interactions
L(1,n) [ξ¯cn A⊥A⊥ξn] ' ∫ d4x ξ¯cn /A⊥(n¯∂)−1 /A⊥ /¯n2 ξn, (B.1)
L(2,n)
[
ξ¯cn A⊥A
(s)
⊥ ξn
]
'
∫
d4x ξ¯cn
{
/As⊥(n¯∂)
−1 /A⊥ + /A⊥(n¯∂)−1 /As⊥
} /¯n
2
ξn, (B.2)
L(2,n) [q¯ A⊥ ξcn] '
∫
d4x q¯ /A⊥ξcn. (B.3)
L(2,n) [ξ¯cn Ac⊥A⊥ξn] ' ∫ d4x ξ¯cn /Ac⊥(n¯∂)−1 /A⊥ /¯n2 ξn, (B.4)
L(3,n) [q¯ A⊥A⊥ ξcn] '
∫
d4x q¯ /A⊥(n¯∂)−1 /A⊥
/¯n
2
ξcn. (B.5)
L(4,n) [q¯ As⊥A⊥ξcn] =
∫
d4x q¯
{
/As⊥(n¯∂)
−1 /A⊥ + /A⊥(n¯∂)−1 /As⊥
} /¯n
2
ξcn (B.6)
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Figure 20. Results of the fit of BELLE data [5, 6] for the differential cross sections at different
energies.
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Figure 21. The amplitudes B0++(s, 0) and B
0
+−(s, 0) as a functions of energy obtained from the
fit of the differential cross sections.
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Figure 22. The total cross sections as functions of energy.
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Figure 23. The ratio σpi
0pi0/σpi
+pi− as functions of energy. The notations are the same as in Fig.19.
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Figure 24. Predictions of the cross sections σγγ→pipi‖ − σγγ→pipi⊥ for the two different model of pion
DA. See discussion in the text.
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